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We find two systems via holography that exhibit quantum Berezinskii-Kosterlitz-Thouless (BKT)
phase transitions. The first is the ABJM theory with flavor and the second is a flavored (1, 1) little
string theory. In each case the transition occurs at nonzero density and magnetic field. The BKT
transition in the little string theory is the first example of a quantum BKT transition in (3+1)
dimensions. As in the “original” holographic BKT transition in the D3/D5 system, the exponential
scaling is destroyed at any nonzero temperature and the transition becomes second order. Along the
way we construct holographic renormalization for probe branes in the ABJM theory and propose
a scheme for the little string theory. Finally, we obtain the embeddings and (half of) the meson
spectrum in the ABJM theory with massive flavor.
I. INTRODUCTION
Holography [1–3] has become a cornerstone in the
study of strongly interacting theories. Its use has ex-
tended far beyond its strict range of applicability, afford-
ing simple geometric pictures for the physics of confine-
ment [4], chiral symmetry breaking [5], and phase tran-
sitions [6]. Indeed, holography has found many more
applications to heavy-ion physics, including the study of
transport in strongly coupled plasmas [7] and the energy
loss of hard partons [8, 9]. More recently there has been
a flood of work realizing condensed matter phenomena
via holography. These have included the Fermi gas at
unitarity [10, 11], the quantum Hall effect [12–14], su-
perfluids [15, 16], non-Fermi liquids [17–20], and quan-
tum critical points [21–24]. Reviews of many of these
applications can be found in [25–27].
The study of critical phenomena is of central impor-
tance in the condensed matter community. In addition
to its many storied successes [28] there are some unsolved
problems surrounding the role of strongly interacting
quantum critical points and strange metals [29]. These
are relevant in candidates for the theory of high Tc su-
perconductors. It is a driving hope that holography can
successfully describe these systems. A first step toward
this goal is to identify the classes of phase transitions that
are natural in holographic theories. Unfortunately, most
of these transitions are rather boring from this point of
view: they are usually first-order [4, 6, 30, 31] or second-
order with mean-field exponents [32–34]. This mean-field
scaling is actually expected rather than surprising; there
is a large N parameter that suppresses quantum fluctu-
ations in both the field [35] and gravitational theories.
This represents a challenge to the study of more interest-
ing phase transitions at large N : in additional to identi-
fying them [36, 37], we should also understand why they
exist in the first place in the sense of [38].
The first holographic example of a continuous non-
second-order transition embedded in string theory was
∗ kristanj@u.washington.edu
found in the D3/D5 system [22]. There is a novel chi-
ral quantum transition in that system with the scaling of
the Berezinskii-Kosterlitz-Thouless (BKT) phase transi-
tion [39, 40]. Recall that transitions of the BKT type
are between disordered and quasi -ordered phases in two
dimensions. BKT transitions are rather special: their
existence is intimately related to the Coleman-Mermin-
Wagner theorem [41–43]. The two-point function of the
order parameter in the disordered phase exhibits a cor-
relation length that scales with exp(c/
√
T − Tc) near the
critical temperature Tc [44]. Similarly, the free energy of
the quasi-ordered phase differs from that of the ordered
by an amount that scales as exp(−c/√Tc − T ).
The transition in the D3/D5 system is novel in that
it has BKT scaling in an ordered phase. For this reason
we termed it a holographic BKT transition in [22], since
it happens in a different context from the original BKT
transition. Before going on, we note two more interesting
features of the critical point in the D3/D5 system. First,
the exponential scaling of the order parameter is lost for
any nonzero temperature, for which the chiral transition
becomes second-order with mean-field exponents [22, 45].
Second, there are relics of the BKT scaling at nonzero
temperature: the critical temperature of the transition
scales exponentially [23].
We do not often stumble across new types of phase
transitions. As a result, we should ask ourselves a num-
ber of questions: (i.) Can we identify other field theories
that realize holographic BKT transitions, particularly in
theories without a gravitiational dual? (ii.) What is the
field theory mechanism that triggers these transitions?
(iii.) Can we identify an effective theory near critical-
ity? In this work we attack the first question by identi-
fying more examples. However, our goal is not to simply
enumerate a list of theories with holographic BKT transi-
tions. Rather, we seek to develop a classification program
toward the end of answering questions (ii.) and (iii.).
In this work we study flavored ABJM theory [46] and a
flavored (1, 1) little string theory [47] in detail. These are
supersymmetric theories that we study holographically.
In particular, we identify a holographic BKT transition
in both systems at nonzero density and magnetic field.
The gravitational description of these systems is given in
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FIG. 1. A plot of the condensate in the flavored little string
theory as a function of magnetic field at zero and finite tem-
perature near the zero-temperature transition. The dashed
black line indicates zero-temperature numerical data and the
solid blue line our prediction, Eq. (3.35). The color dashed
curves represent numerical data at background entropy densi-
ties of s = 10−24/(2pi)4g2sR (left) and 10
−22/(2pi)4g2sR (right).
At any nonzero temperature, the condensate scales with a
mean-field exponent near the transition and then asymptotes
to the BKT scaling at large magnetic field.
terms of a probe brane minimizing its worldvolume action
in a fixed geometry. In Refs. [21, 22] we studied similar
probes describing (3 + 1) and (2 + 1) dimensional field
theories. The (3 + 1) dimensional system was also stud-
ied in [48]. There the competition between a nonzero
density and magnetic field gave rise to chiral quantum
transitions: the transition in the (3+1) dimensional the-
ory was second-order with mean-field scaling, while the
same system in (2 + 1) dimensions exhibits exponential
scaling. In this work, the flavored ABJM theory also lives
in (2 + 1) dimensions but the flavored little string the-
ory is the first example of a theory in (3 + 1) dimensions
with BKT scaling. For dramatic effect and summary, we
have included a plot of the order parameter in the broken
phase of that theory in Fig. 1.
The gravitational mechanism for the holographic BKT
transition is clear. It occurs due to the violation of the
Breitenlohner-Freedman (BF) bound [49] in the infrared
region by the scalar field dual to an order parameter. On
general grounds presented in [50] this violation was ex-
pected to produce BKT scaling. However, there are only
a handful of known settings where the BF bound is vio-
lated in a controlled setting. The first was the D3/D5 sys-
tem, the second in extremal asymptotically AdS4 dyonic
black holes [23], and the third in this work1. While this
1 While we were finishing this work, S. Pal released a paper [51]
that also studies holographic BKT transitions in the Dp/Dq sys-
tems. Their results at nonzero density and magnetic field agree
with ours.
mechanism seems similar to that of a second-order Lan-
dau phase transition, the bulk field actually represents
an infinite tower of field theory modes. At the transi-
tion, an infinite number of these modes destabilize. This
situation is quite unnatural within the Landau theory.
To us these results suggest that we need a new paradigm
of phase transitions to describe the infrared physics of
these systems.
While we have not yet found such a paradigm, we have
identified a picture for some sufficient conditions to trig-
ger a holographic BKT transition. We do this by consid-
ering a large class of theories without holographic BKT
transitions. In particular, we add flavor to the field the-
ories dual to the near-horizon p-brane geometries. These
are interacting theories in (p + 1) dimensions with run-
ning couplings (except for p = 3, corresponding to N = 4
super Yang-Mills (SYM) theory) but with a generalized
conformal symmetry. Operators typically carry different
dimensions than their canonical ones, a feat accomplished
by redefining them with powers of the couplings. After
turning on a density and magnetic field, we find that the
only theories that realize holographic BKT transitions
are the D3/D5 system and the flavored little string theory
of this work. Combined with flavored ABJM, these are
also the only theories for which the generalized dimension
of the density and magnetic field equal each other. We do
not think that this is a coincidence. From these results
we conjecture that a holographic BKT transition can be
triggered in a generalized conformal theory after adding
equal-dimension control parameters with some other con-
straints. See our discussion in Sec. IV for more details.
There are a few other cute results that we establish
while studying these BKT transitions. The first is in the
ABJM theory. In order to properly study chiral sym-
metry breaking in that theory, we find it convenient to
obtain the brane embeddings dual to the theory with
supersymmetric massive flavor. While we do not explic-
itly verify kappa-symmetry, we perform a few consistency
checks that these branes are indeed supersymmetric. Af-
ter holographically renormalizing the bulk theory, we find
that the free energy and condensates of the field theory
vanish. For another check, we obtain half of the meson
masses of the dual theory. These are suppressed from the
quark mass by a factor of the ’t Hooft coupling of the
ABJM theory, mmeson ∼ mquark/
√
λ. We also find hints
of a broken SO(5) invariance in the meson masses, much
like in the D3/D7 system [52]. Finally, in the course of
regularizing the little string theory we also holographi-
cally renormalize the D3/D3 system at nonzero density.
The most interesting result here is a new Weyl anomaly
of the dual theory proportional to µ2, where µ is the
chemical potential for baryon density.
The outline of this work follows. In Sec. II we describe
the probe brane setups we use, beginning with flavored
ABJM theory in Sec. II A. First we review the ABJM the-
ory and the probe branes dual to the addition of massless
flavor. We go on to construct the embeddings dual to su-
persymmetric massive flavor and compute some the me-
3son masses of that theory. Next, we review the (1, 1) little
string theory and the addition of flavor in Sec. II B. In
Sec. II C we holographically renormalize probe branes in
the ABJM theory and propose a scheme for a holographic
map in the little string theory. The bulk of our results are
in Sec. III, where we analytically and numerically identify
the holographic BKT transitions in these theories. We
also perform numerics for the little string theory, mea-
suring the fate of exponential scaling at nonzero temper-
ature in Sec. III B 3. Finally, we discuss our results in the
context of the Dp/Dq systems and generalized conformal
symmetry in Sec. IV.
II. THE BRANE SETUPS
A. ABJM with flavor
The geometry supported by a large stack of N M2
branes in M-theory probing the orbifold singularity of
C4/Zk has a near-horizon limit of AdS4 × S7/Zk,
g=
R2
4
gAdS4 +R
2gS7/Zk
(R/lPl)
6 = 32pi2kN, (2.1)
with kN units of 4-form flux through the AdS4 fac-
tor. The field theory living on the branes is N = 6
U(N) × U(N) superconformal Chern-Simons theory at
level k [46]. This is the celebrated ABJM theory. At
levels k = 1, 2, the theory has enhanced N = 8 super-
symmetry [46, 53]. Moreover, the theory at N = 2 is
identical to the Bagger-Lambert theory [54, 55] proposed
a few years ago as the worldvolume theory on a stack of
M2 branes.
The orbifolded circle inside S7/Zk has a size R/k which
is small when N  k5. In this limit the M2 branes are
well-described by the compactification of AdS4 × S7/Zk
on this circle, i.e. by type IIA string theory on AdS4 ×
CP3. In string frame, this background is
g =
R3
4k
(gAdS4 + 4gCP3),
e2φ =
R3
k3
, F4 =
3
8
R3vol(AdS4), F2 = kJ, (2.2)
where we have set α′ = 1. The two-form F2 appears in
the 10d description because the reduction is on a non-
trivially fibered circle inside S7/Zk; the connection asso-
ciated with the fibration is the potential for the Ka¨hler
form on CP3, J . This background was first identified
in [56] as the dimensional reduction of the AdS4 × S7
solution of 11d supergravity on the diagonal circle in S7.
We therefore have a IIA description of the ABJM the-
ory at large k and N when k5  N and when the 10d
radius of curvature is large, i.e. R3/4k ∝ √N/k  1.
Most of the applications of this duality have centered
on the conjectured integrability of the ABJM theory by
studying the dimensions of large spin operators [57–64].
Additionally, there has been some work done adding fla-
vors to the ABJM theory [65–68]. This addition is re-
alized in the bulk by adding a small number of probe
D-branes [69] that wrap some cycles inside the CP3.
It is a short exercise to show that adding a single
fundamental hypermultiplet to one of the gauge groups
breaks the R-symmetry of the theory to SO(3) [65–
67] and so the supersymmetry to N = 3. There is
an additional SO(3)χ global symmetry preserved when
the flavor is massless so that the global symmetry is
SO(3)R × SO(3)χ × U(1)B, where the last U(1) sym-
metry is a baryon number symmetry. By supersymme-
try the dual brane setup should have a single D6 brane
wrapping a 3-cycle inside of CP3. Additionally, this cycle
should have a Z2 fundamental group, so that there can be
two different Wilson lines on the brane corresponding to
adding the flavor to one gauge group or the other [65, 70].
Up to SU(4) rotations of CP3 there is a single SO(4)
invariant 3-cycle, RP3. This cycle also has a Z2 fun-
damental group, making it a consistent candidate for
the correct flavor brane embedding. Indeed, a D6 brane
wrapping AdS4 × RP3 preserves twelve supercharges of
supersymmetry [65]. In the probe limit massless flavored
ABJM theory is a superconformal N = 3 theory, so this
is the correct dual.
However, our ultimate goal is to study SO(3)χ chiral-
symmetry breaking in this theory. The embeddings dual
to the chirally broken phase of this theory will deviate
from the supersymmetric embedding. The deformation
should be in the same direction as that of the embeddings
dual to massive flavor, which have not yet been obtained.
Thus, in order to correctly study SO(3)χ breaking we
elect to study the addition of massive flavor. This is
actually not that hard.
In the bulk we will have a dual flavor brane with a non-
trivial embedding and zero field strength for the U(1)
gauge field on the brane. The non-trivial part of this
problem is that these embeddings will deform the RP3 as
a function of the radial coordinate. We will therefore look
more carefully at the embedding of RP3 inside of CP3.
Following [65], we find it instructive to construct CP3
inside of C4. We will use this construction to describe
RP3 and its deformations.
1. Massive flavor
We begin with N M2 branes on C4, which we
parametrize with complex coordinates zi, i = 1− 4 as
z1 = r cos ξ cos
θ1
2
ei
χ1+φ1
2 , z2 = r cos ξ sin
θ1
2
ei
χ1−φ1
2 ,
z3 = r sin ξ cos
θ2
2
ei
χ2+φ2
2 , z4 = r sin ξ sin
θ2
2
ei
χ2−φ2
2 ,(2.3)
where r is the radial coordinate of C4 and the angular
variables have the domains ξ ∈ [0, pi2 ], θi ∈ [0, pi], χi ∈
[0, 4pi), φi ∈ [0, 2pi). Defining new angular coordinates y
4and ψ by
χ1 = 2y + ψ, χ2 = 2y − ψ, (2.4)
we see that the diagonal circle of C4 is given by y ∈ [0, 2pi)
along which the Zk orbifold acts. The orbifold simply
identifies y ∼ y + 2pik , so that we write the metric of the
angular part S7/Zk as
gS7/Zk =
1
k2
(dy +A)2 + gCP3 , (2.5)
which simply says that S7/Zk can be written as a Hopf
fibration over CP3 with connection A. In these coordi-
nates we have
2A = cos 2ξdψ+cos2 ξ cos θ1dφ1 +sin
2 ξ cos θ2dφ2, (2.6)
and
gCP3 = dξ
2+cos2 ξ sin2 ξ
(
dψ +
cos θ1
2
dφ1 − cos θ2
2
dφ2
)2
+
1
4
cos2 ξ(dθ21+cos
2 θ1dφ
2
1)+
1
4
sin2 ξ(dθ22+cos
2 θ2dφ
2
2). (2.7)
The connection A is the potential for the Ka¨hler form on
CP3, dA = J .
The RP3 inside of CP3 we consider is invariant under
the simultaneous SU(2) rotations of (z1, z2) and (z3, z4)
(the bulk realization of the SO(3)R symmetry) and is
given by
C3 : θ1 = θ2 = θ, φ1 = −φ2 = φ, ξ = pi
4
. (2.8)
The induced metric on this space is
gC3 =
1
4
(
(dψ + cos θdφ)2 + dθ2 + sin2 θdφ2
)
, (2.9)
where the coordinates have domains θ ∈ [0, pi], φ ∈
[0, 2pi), ψ ∈ [0, 2pi). This is indeed the metric for a round
unit RP3. It is also invariant under a second SU(2)
that simultaneously rotates (z1, z4) and (z3, z2). This
SU(2)2 ≈ SO(3)χ is the bulk realization of the extra
chiral symmetry of the massless theory.
Of course this is not the only 3-cycle invariant under
the SO(3)R. There is an obvious SO(3)R invariant 3-
cycle
C3 : θ1 = θ2 = θ, φ1 = −φ2 = φ, ξ = ξ0, (2.10)
which becomes RP3 for ξ0 = pi/4. The ξ-direction is
transverse to this cycle as are two other directions re-
lated by SO(3)χ transformations. The fluctuations of the
cycle under these three directions transform as a triplet
under SO(3)χ. The dual operator is the SO(3)χ triplet
hypermultiplet mass operator ψ¯ψ + SUSY [65]. We find
it convenient to consider brane embeddings where the
brane slips off of RP3 in the ξ-direction.
There is a useful change-of-coordinates for this prob-
lem. Define y, ρ by
ξ =
pi
4
+
1
2
arctan
y
ρ
, r2 = y2 + ρ2. (2.11)
In these coordinates the Poinca´re horizon of AdS4 is lo-
cated at y = ρ = 0 and the boundary of AdS4 at either
y, ρ→∞. Then a D6 brane that wraps C3 with ξ = ξ(r)
can be described with an embedding y = y(ρ) and an
induced metric
P[g] =
R3
4k
(
r2g2,1 +
dρ2(1 + y′2) + 4ρ2gC
r2
)
, (2.12)
where the internal space has a metric
gC =
1
4
((
1 +
y2
ρ2
)
(dθ2 + sin2 θdφ2) + (dψ + cos θdφ)2
)
.
(2.13)
We recognize this space as a squashed unit RP3 with a
squashing parameter y/ρ,
gC = gRP3 +
1
4
y2
ρ2
(dθ2 + sin2 θdφ2). (2.14)
When y = 0 the internal space is a round RP3 and as
y/ρ → ∞ the brane ends smoothly as det P[g] → 0.
This change-of-coordinates is similar to the one in [52]
that has made many computations in probe brane sys-
tems tractable. Notably, this squashing only preserves
the U(1) in SO(3)χ that rotates ψ. The global symme-
try of the dual theory is then SO(3)R × U(1)χ × U(1)B.
Before obtaining the embeddings dual to massive fla-
vor, we need one more ingredient. There is a non-trivial
Chern-Simons term on the D6 branes that must be in-
cluded in order to obtain the correct equations of motion
for the embedding, the integral of C7 on the worldvolume.
The pullback of the C7 to the brane is [65]
P[C7] =
R9
28k2
r2 sin θdx0 ∧ dx1 ∧ dx2 ∧ dr ∧ dψ ∧ dθ ∧ dφ,
(2.15)
and the brane action is
S6 = −T6
∫
d7ξe−φ
√
−P[g] + T6
∫
P[C7] (2.16)
in the absence of any worldvolume field strength. This
Lagrangian for the embedding function y is rather com-
plicated. Integrating over the internal space and dividing
5by the volume of the field theory directions xµ, it is pro-
portional to
L6 ∝ −ρ
√
ρ2 + y2
√
1 + y′2 +
y2(ρ+ yy′)
2
√
ρ2 + y2
. (2.17)
The equation of motion for this action has a remark-
ably simple solution, y =constant. We claim that these
embeddings describe the ABJM theory with massive su-
persymmetric flavor: we have consistent supergravity so-
lutions dual to the field theory where we have turned on
a source for the hypermultiplet mass operator. Indeed,
as we show in Sec. II C 1, (i.) there is a renormalization
scheme under which the dual extremum has zero free en-
ergy and (ii.) the expectation value of the field dual to y
vanishes. Both of these results are important consistency
checks with the supersymmetry of the dual theory. Yet
another check, the meson spectrum, is mostly computed
in Appendix A and is reviewed below.
2. The meson spectrum
We obtain the meson spectrum of flavored ABJM the-
ory by studying the fluctuations of worldvolume fields
around the embedding y = m. In order to be a small
fluctuation these fluctuations must be small and well-
behaved everywhere on the brane, particularly near ρ =
0. This is a boundary condition on the fluctuations.
Fourier-transforming in the field theory directions xµ, the
fluctuations will only obey a normalization condition near
the AdS4 boundary for particular momenta −k2. These
are the masses(-squared) of the mesons of the dual field
theory.
For our choice of parametrization there are three
classes of worldvolume fields, (i.) the transvese scalar
y and those related by SO(3)χ symmetry, (ii.) the U(1)
gauge field A, and (iii.) a neutral fermion Ψ. As we show
in Appendix A, the fluctuations of the gauge field can be
broken up further into three types, a vector and two dif-
ferent types of scalars. We elect to study the bosonic
mesons on the presumption that supersymmetry relates
their masses to the fermionic mesons.
The supercharges of the theory fill a triplet of the
SO(3)R symmetry. These commute with the SO(3)χ chi-
ral symmetry, which is broken to U(1)χ by turning on a
mass. All states in a given supermultiplet then have the
same U(1)χ charge. Our mesonic multiplets can then
be obtained by acting with the supercharges on a scalar
state with spin j2 under the SO(3)R that is annihilated
by the Q¯’s. Before going on, we will use the notation(
j
2 ;
j′
2 ,
m′
2
)
to denote the quantum numbers of a meson,
where j, j′ are SO(3)R and SO(3)χ spins respectively and
m′
2 is the U(1)χ charge. Also, j, j,
′ , and m′ must be even,
which is related in the bulk to the fact that the internal
space C3 is a Z2 identification of a squashed 3-sphere.
We are not able to obtain the full meson spectrum of
the theory. We are, however, able to obtain several sec-
tors. We describe their computation in Appendix A and
simply summarize here. First, we solve the fluctuation
spectrum of the transverse scalar y and find the meson
masses
− k2 = m
2
4
(2 + j+ |m′|+ 4n)(4 + j+ |m′|+ 4n), (2.18)
in the
(
j
2 ;
j
2 ,
m′
2
)
represenation for any positive integer
n. The operators dual to these fields have dimension
2 + j2 . The j = 0 operator is the hypermultiplet mass
operator ψ¯ψ+SUSY, which has dimension 2 as expected.
The other transverse scalars are related to y by SO(3)χ
symmetry but they have U(1)χ charges ±1. The masses
of these dual mesons are then given by Eq. (2.18), but
with m′ shifted by ∓2. The net effect is that for |m′| ≤ j
there are three sets of degenerate meson spectra with
masses Eq. (2.18) and that there are extra mesons with
U(1)χ charge ±
(
j
2 + 1
)
and masses
− k2 = m2(1 + j + 2n)(2 + j + 2n). (2.19)
We are also able to obtain the masses of the vector
mesons, dual to eigenmodes of a type of gauge field.
These obey the same equation as the transverse scalar
and so have the same spectrum as Eq. (2.18). These also
live in the
(
j
2 ;
j
2 ,
m′
2
)
representation and are related to
operators of dimensions ∆ = 2 + j2 .
There are a few sectors that we were not able to obtain.
The first were another set of scalars in the
(
j
2 ;
j
2 ,
m′
2
)
representation dual to another fluctuation of the gauge
field. We did, however, study this sector numerically and
found good agreement for several j,m′ with the masses
Eq. (2.18). We can also obtain the zero momentum bulk
wavefunctions, from which we measure the dimensions of
the dual operators, which are 2 + j2 .
The real mess is found in the last set of scalars, dual to
fluctuations of the gauge field in the internal directions.
The difficulty is that there are three different vector har-
monics on the internal space C3 that generally mix under
the remaining symmetries of the problem. There are a
few exceptions, including the j = 0 multiplet, for which
the harmonic analysis is easy. These fields will feature
prominently for the rest of the paper, as it is turned on
when we have a background density and magnetic field.
We therefore write their functional form for reference
m′ = 0 :A = dψ + cos θdφ,
m′ = ±2 :A = e±iψ(±idθ + sin θdφ). (2.20)
These fields are dual to the SO(3)χ triplet scalar mass
operator (Q¯Q− ¯˜QQ˜, Q˜Q, ¯˜QQ¯). This operator has dimen-
sion 1 in the supersymmetric theory, so some care needs
to be taken in the bulk to ensure that we impose super-
symmetric boundary conditions: the normalizable term
of the near-boundary expansion behaves as a source and
the non-normalizable is related to the expectation values
of the dual operator. Unfortunately, we were not able to
6find the spectrum of these, nor the other internal gauge
fields.
The meson masses we have obtained, while only rep-
resenting half of the full spectrum, exhibit a huge de-
generacy: all states of the same j + |m′| + 4n have the
same mass. This result is reminiscent of a broken SO(5)
degeneracy in the D3/D7 system [52], where all the me-
son states were furnished by representations of SO(5) but
not all states in an irreducible representation were degen-
erate. We are finding hints of a similar effect here: the
induced metric on the D6 branes is conformal to E2,1×C4,
P[g] = (ρ2 +m2)g2,1 +
1
ρ2 +m2
(dρ2 + 4ρ2gC3︸ ︷︷ ︸
=gC4
), (2.21)
where the C4 is a squashed, orbifolded 4-dimensional
space. The conformal factor then depends on a coor-
dinate on C4. Near the boundary the squashing vanishes
and C4 also has local SO(5) isometry. We speculate that
the hints of broken SO(5) invariance are arising from the
global isometries of C4 near the boundary. The combi-
nation of the conformal factor and the squashing pre-
sumably breaks them to SO(3)R × U(1)χ. It would be
interesting to obtain the remaining meson spectra and
more precisely understand what is happening on C4.
3. Magnetic field and density
We can now study chiral symmetry breaking in this
theory. We will probe the phase diagram of this theory
with a baryon density and magnetic field. The baryon
current is dual to the U(1) gauge field living on the brane;
we therefore add a baryon density and magnetic field to
the field theory by turning on a field strength on the
brane
F =
R3
4k
(
A′0(ρ) dρ ∧ dx0 +B dx1 ∧ dx2
)
, (2.22)
where we have normalized the field strength in the same
units as the background metric Eq. 2.2. The field A0 is
dual to the density operator and B is the magnetic field
on the brane and in the field theory. We will consider
brane embeddings that are translationally invariant in
the field theory directions (012) while only turning on the
field strength above and the transverse scalar y = y(ρ).
The equivalent ansatze¨ in the field theory is that the
correct extrema in the chirally broken phase are transla-
tionally invariant and singlets under SO(3)R symmetry.
These ansatz¨, however, are not consistent. There is a
Chern-Simons term on the brane
SCS =
T6
6
∫
P[C1] ∧ F ∧ F ∧ F, (2.23)
where C1 is the potential for 2-form flux F2. The pullback
of C1 to our branes is
P[C1] = −k y
2
√
ρ2 + y2
(dψ + cos θdφ) (2.24)
so that this Chern-Simons term is linear in a flux on the
internal space C3. Careful study of this term shows that
a density and magnetic field induces the (0; 1, 0) mode
of the internal gauge field when the embedding is non-
trivial. A consistent Ansatz therefore has a field strength
4kF
R3
= A′0(ρ) dρ∧dx0+B dx1∧dx2+d(Aψ(r)(dψ+cos θdφ)).
(2.25)
Recall that this internal gauge field is dual to the scalar
mass operator. This field and y transform in the same
representation of the global symmetry group and so the
dual operators are both good order parameters for chiral
symmetry breaking. It is interesting that both of them
are turned on in this problem.
Since our embeddings will have internal gauge fields
turned on the brane action
S6 = −T6
∫
d7ξe−φ
√
−P[g] + F + T6
∑
i
∫
P[Ci] ∧ eF
(2.26)
will have three non-trivial Chern-Simons terms, namely
those with C1, C3, and C7. For our ansatze¨ the brane
action becomes
S6 = −T6 R
9
24k2
vol[RP3]︸ ︷︷ ︸
≡N
vol[E2,1]
∫
dρ
[
ρr
√
1 + y′2 −A′20 +
r4
ρ2
A′2ψ
√
1 +
B2
r4
√
1 +A2ψ −
y2(ρ+ yy′)
2r
− yA
′
0BAψ
r
+ r3AψA
′
ψ
]
,
(2.27)
where we have used
P[C3] =
R3
8
r3dx0 ∧ dx1 ∧ dx2, (2.28)
and have defined the positive orientation
(x0, x1, x2, ρ, ψ, θ, φ). For convenience, from here
on we will consider the action density S6/vol[E2,1] and
give it the same name S6. Now we note that the field
A0 only appears in the action Eq. (2.27) through radial
derivatives. We therefore eliminate it in favor of a
7constant of the motion,
∂L
∂A′0(ρ)
= NA′0
 ρr
√
1 + B
2
r4
√
1 +A2ψ√
1 + y′2 −A′20 + r4ρ2A′2ψ
+
yBAψ
r
 = d.
(2.29)
which we show in Sec. II C 1 is the baryon density of the
dual theory. In order to find solutions at fixed density, we
algebraically solve Eq. (2.29) for A′0 and then Legendre-
transform the action Eq. (2.27) to fixed density,
S˜6 = −N
∫
dρ
[
1
r
√
1 + y′2 +
r4
ρ2
A′2ψ
√
ρ2(1 +A2ψ)(B
2 + r4) + (d˜r −BAψy)2 − y
2(ρ+ yy′)
2r
+ r3AψA
′
ψ
]
, (2.30)
where d˜ = d/N is a rescaled density. Solutions that ex-
tremize this (fairly nasty) action will correspond to ex-
trema in the canonical ensemble of the dual theory.
B. Little string theory
The geometry supported a large stack of N D5-branes
in type IIB string theory has a near-horizon limit [71]
g =
r
R
g5,1 +
R
r
(dr2 + r2gS3),
eφ = gs
r
R
, R =
√
gsN, (2.31)
where gs is the string coupling at infinity before taking
the near-horizon limit and we have set α′ = 1. There
are also N units of 3-form field strength on the 3-sphere
sourced by the 5-branes. Type IIB string theory on
this background is dual to the theory on the 5-branes,
which in the gs → 0 limit is the (1, 1) little string the-
ory on a stack of N NS5-branes [71]. This theory is
not a local quantum field theory and rather has a num-
ber of stringy features, including string-like excitations,
T-duality, and a Hagedorn spectrum at high tempera-
tures [47]. For these reasons and because it lives in six
rather than ten dimensions, it is called a “little string the-
ory.” For obvious reasons, the dual geometry is termed
a “linear dilaton” background. The little string theory is
strongly coupled in the ultraviolet and infrared free; in
fact, the infrared theory is the maximally supersymmet-
ric (5+1)-dimensional super-Yang-Mills theory on the D5
branes. The full theory can also be obtained via decon-
struction [72].
The linear dilaton background is conformal to E6,1×S3,
i.e. to flat space. As a result, there is some difficulty
in building a holographic map from bulk quantities to
field theory observables2. The 5-brane background is
2 There has been some work renormalizing asymptotically linear
rather special in this respect: the near-horizon region
of the p-brane backgrounds are generically conformal to
AdSp+2 × S8−p, which yields a dictionary through holo-
graphic renormalization [75, 76].
Nevertheless we can learn a great deal about the lit-
tle string theory from bulk physics. Bulk thermodynam-
ics correspond to field theory thermodynamics; two-point
functions in the field theory can be obtained by scatter-
ing wave packets off of the center of the geometry [77, 78].
In this work, we revisit an item on this list: we can add
flavor to the field theory by embedding probe branes in
the dual geometry [69, 79].
There are a number of supersymmetric ways to add
flavor to the little string theory, all of which are re-
alized with dual probe branes that wrap cycles with
four Neumann-Dirichlet directions with respect to the
5-branes. These brane setups and thus the dual field
theories preserve eight supercharges with flavor living on
various codimension defects in the field theory. The ex-
ample we will look at in this work is that of codimension-2
flavor. The weak-coupling, small N brane embedding has
N D5 branes along the 012345 directions and flavor D5
branes along the 012367 directions. In the large N limit
the flavor branes wrap a (5 + 1) dimensional cycle inside
the linear dilaton background including a circle inside the
transverse 3-sphere. We write the 10d metric as
g =
√
ρ2 + y2
R
g5,1+
R√
ρ2 + y2
(dρ2+dy2+ρ2dθ2+y2dφ2),
(2.32)
where the radial coordinate r is related to these coordi-
nates by r =
√
ρ2 + y2, the supersymmetric brane em-
beddings are specified by x4 = x5 = φ = constant and
y = m, where m is proportional to the mass of the dual
flavor. As in the ABJM theory, the 5-branes at the bot-
tom of the geometry are located at ρ = y = 0. The
dilaton backgrounds from type II theories in [73, 74].
8boundary of the geometry is found as ρ or y → ∞. The
field theory has a U(1) × U(1) R-symmetry, realized in
the bulk as the U(1)×U(1) isometries of the two circles
θ and φ. Both symmetries are chiral.
The field theory has an additional U(1) baryon num-
ber symmetry which rotates the fundamental scalars and
fermions. The baryon symmetry current is dual to a U(1)
gauge field living on the flavor branes. Denoting its field
strength as F , the action of the Nf flavor branes is given
by
S5 = −NfT5
∫
d6ξe−φ
√
−P[g] + F + SCS, (2.33)
where the branes have a tension T5, the ξ are coordinates
on the worldvolume, P[g] is the induced metric on the
branes, and SCS represents the couplings of these branes
to the Ramond-Ramond form fields.
As before, we will probe the phase diagram of this
theory at nonzero baryon density and magnetic field. We
therefore turn on a field strength
F = A′0(ρ)dρ ∧ dt+B dx1 ∧ dx2. (2.34)
We will consider brane embeddings that preserve tran-
sitional invariance in the field theory directions (0123),
are flat in the defect directions (45), and simply wrap
the θ-circle with φ =constant. The only freedom left in
these ansa¨tze is to let the transverse position y of the
branes depend on the radial coordinate ρ as y = y(ρ).
The induced metric on the branes is
P[g] =
√
ρ2 + y2
R
g3,1 +
R√
ρ2 + y2
(dρ2(1 + y′2) + ρ2dθ2).
(2.35)
The Chern-Simons terms with these ansa¨tze are cubic in
worldvolume fields that we do not turn on, and so we can
consistently ignore them. Rescaling the spatial and radial
coordinates by factors of R the brane action becomes
S5 = −NfT5R6vol[S1]︸ ︷︷ ︸
≡N
vol[E3,1]
×
∫
dρ ρ
√
1 + y′2 −A′20
√
1 +
B2
r2
. (2.36)
We pause to note that, at zero magnetic field, this is the
same action for the D3/D3 system at nonzero density.
Much of what we do (excepting the magnetic field) can
then be recast in terms of that system. Also, as in our
discussion in ABJM we will hereafter write of the action
density S5/vol[E3,1] and give it the same name S5.
Since the field A0 only appears in the action Eq. (2.36)
through derivatives, we eliminate it in favor of a constant
of the motion. Ordinarily this constant is interpreted as
the baryon density [32, 80]. In this case, however, the
gauge field has a near-boundary falloff A0 = µ log r +
O(1), where µ is naturally interpreted as the chemical
potential in the field theory. For this system (as with the
D3/D3 system), the constant of the motion is instead
proportional to µ,
∂L
∂A′0(ρ)
=
NρA′0
√
1 + B
2
r2√
1 + y′2 −A′20
= Nµ. (2.37)
Solving Eq. (2.37) for A′0 and Legendre-transforming the
bulk action to fixed µ, we find the new action
S˜5 = −N
∫
dρ
√
1 + y′2
√
µ2 + ρ2
(
1 +
B2
r2
)
, (2.38)
Curiously the bulk action at fixed µ Eq. (2.38) corre-
sponds to the field theory action at fixed density. We
will return to this in Sec. II C 2.
There is one more control parameter that we can triv-
ially turn on: the analogue of the scalar mass we looked
at in the ABJM theory Eq. (2.20). In the D3/D3 system
as well as here, the dual field is the zero-mode of the in-
ternal gauge field on the θ-circle. Turning it on with a
field strength
F = A′0(ρ)dρ ∧ dt+B dx1 ∧ dx2 +A′θ(ρ)dρ ∧ dθ, (2.39)
the brane action becomes
S5 = −N
∫
dρ ρ
√
1 + y′2 −A′20 +
r2
ρ2
A′2θ
√
1 +
B2
r2
.
(2.40)
As before, we note that A0 and Aθ both appear through
derivatives so that we have two constants of the motion.
The reader can verify that Aθ has the large-ρ falloff Aθ =
M log ρ+O(1), so that the constants are
∂L
∂A′0(ρ)
=
NρA′0
√
1 + B
2
r2√
1 + y′2 −A′20 + r2ρ2A′2θ
= Nµ,
− ∂L
∂A′θ(ρ)
=
N r2A′θ
√
1 + B
2
r2
ρ
√
1 + y′2 −A′20 + r2ρ2A′2θ
= NM.(2.41)
Solving for A′0 and A
′
θ in terms of µ and M we find
A′0 =
µ
√
1 + y′2√
µ2 + ρ2
(
1 + B
2−M2
r2
) ,
A′θ
R2
=
Mρ2
√
1 + y′2
r2
√
µ2 + ρ2
(
1 + B
2−M2
r2
) , (2.42)
Legendre transforming the bulk action Eq. (2.40) with
respect to both A′0 and A
′
θ we find the new action
S˜5 = −N
∫
dρ
√
1 + y′2
√
µ2 + ρ2
(
1 +
B2 −M2
r2
)
.
(2.43)
9Two comments are in order: (i.) the effect of adding
a scalar mass can be completely solved in terms of a
“new” magnetic field with magnitude B˜ =
√
B2 −M2,
(ii.) reality of the action informs us that there is an upper
bound on the scalar mass, M2max = µ
2 +B2, that can be
described with probe branes.
C. Holographic renormalization
1. Probe branes in ABJM
We continue by holographically renormalizing flavored
ABJM theory. We have several tasks in this subsection:
(i.) to show that the embeddings we propose are dual to
massive flavor have zero free energy, (ii.) to obtain one-
point functions at nonzero density and magnetic field,
and (iii.) determine the proper operator normalization
for the transverse scalars. We will achieve all of these
tasks via holographic renormalization.
The action Eq. (2.30) diverges near the AdS4 bound-
ary. This infrared divergence is related to an ultraviolet
divergence of the dual theory. We consistently renormal-
ize it by diffeomorphism-invariantly regulating the bulk
theory. We do this by first solving the equations of mo-
tion for y and Aψ near the boundary,
y = m+
∞∑
n=1
yn
ρn
, Aψ =
∞∑
n=1
An
ρn
, (2.44)
where the higher yn are recursively determined by m and
y1 and the higher An are determined by A1 and A2. Next
we integrate the action on an arbitrary solution up to a
very large cutoff ρ = Λ,
S˜6,Λ = −N
∫ Λ
dρ ρ2 + finite. (2.45)
The brane action then has a single divergence from the
volume of AdS4. We regulate it by adding a local coun-
terterm on the cutoff slice
S˜CT = N
√−γ
3
|ρ=Λ, (2.46)
where γ is the induced metric on the cutoff slice. For an
action with a more general divergence pattern we would
add a number of local, (cutoff-)diffeomorphism-invariant
counterterms on the cutoff slice.
We define our renormalized action by adding the coun-
terterm to the action Eq. (2.30) and then taking the cut-
off to infinity,
S˜6,ren = lim
Λ→∞
[
S˜5,Λ + SCT
]
. (2.47)
This bulk action is finite and convergent on-shell; from it
we can obtain correlators of the dual theory in the usual
way. We begin with our first goal, the free energy of the
embeddings y = m. The renormalized action for these
branes is just
S˜6,ren = −N m
3
6
, (2.48)
which is nonzero. However, we have missed one subtlety:
we have not specified the correct infrared boundary con-
dition for C7. To see this, recall that there is a term
in the brane action
∫
P[C7] that changes under gauge
transformations C7 7→ C7 + dC6 with the boundary term
S˜ 7→ S˜+ ∫
∂
C6, where ∂ is the boundary of the worldvol-
ume. Gauge transformations with support at the world-
volume boundary change the boundary conditions on the
bulk theory. In particular, when C6 does not vanish on
the AdS4 boundary it changes the source for a magnetic
current in the dual theory [81]. On the other hand, a
non-trivial C6 at the bottom of the brane changes the
infrared value of the gauge field. We will impose the
boundary condition that the gauge field vanishes there.
However, the pullback of C7 in Eq. (2.15) does not vanish
at the bottom of the brane,
P[C7]|ρ=0 = R
9
28k2
m2 sin θdx0∧dx1∧dx2∧dr∧dψ∧dθ∧dφ.
(2.49)
In order to be consistent with our boundary conditions
we therefore need to perform a gauge transformation so
that P[C7] vanishes at the bottom of the brane without
changing its near-boundary behavior. This can be done
with a C6 that vanishes at large r and at smaller r be-
comes
C6 ∼ R
9
28k2
r3
3
sin θdx0 ∧dx1 ∧dx2 ∧dψ∧dθ∧dφ. (2.50)
This transformation adds a contribution to the bulk ac-
tion proportional to m3. In fact, the renormalized action
in this gauge simply vanishes. The free energy −S˜ of the
dual background thus vanishes as advertized.
Next we will compute one-point functions. In order
to obtain the density, let us consider the brane action
before Legendre transforming Eq. (2.27). This action
diverges in the same way as its Legendre transform and
so we define S6,ren in the same way as before. This action
is equal to (minus) the free energy of the dual state in
the grand canonical ensemble. Under a small variation
A0 7→ A0+δA0, y 7→ y+δy, Aψ 7→ Aψ+δAψ, the on-shell
action changes by a boundary term on the cutoff slice
Sbdy = δA0
∂L
∂A′0
+ δy
∂L
∂y′
+ δAψ
∂L
∂A′ψ
. (2.51)
Recalling the near-boundary expansion of A0
A0 = µ− dNρ + ..., (2.52)
and treating the leading term A1 in the large-ρ solution
of Aψ as the source for the dual operator, we therefore
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find the one-point functions
c = 〈Oy〉 = −∂Sbdy
∂m
= −N y1, (2.53)
d =
〈
j0
〉
=
∂Sbdy
∂µ
, (2.54)
C = 〈Oψ〉 = −∂Sbdy
∂A1
= −NA2. (2.55)
However as we noted in Sec. II A 2, these boundary con-
ditions on Aψ do not correspond to the supersymmetric
boundary conditions where A2 is the source for the dual
operator. To implement this boundary condition we need
to add a total derivative to the bulk action
S6,ren 7→ S6,ren − N
2
∫
dρ (ρ3A2ψ)
′ (2.56)
which accordingly shifts the boundary action. The one-
point function of Oψ with these boundary conditions is
then
C = 〈Oψ〉 = −∂Sbdy
∂A2
= NA1. (2.57)
Notably, all one-point functions vanish for the embed-
dings y = m as advertized earlier.
Finally, we will obtain the relative normalization be-
tween the hypermultiplet mass operator M and Oy. We
could follow [82] and compute the two-point function
〈Oy(x)Oy(0)〉 from holographic renormalization as well
as 〈M(x)M(0)〉 from the field theory. We elect to take
a simpler approach and compute the mass of a straight
string that hangs from the bottom of the flavor brane to
the D2 branes at the bottom of AdS2,
M =
1
2pi
∫ m
0
dρ
√
−P[g] = m√
2
√
N
k
. (2.58)
This is the mass of the lightest charged quasiparticle in
the dual theory and therefore corresponds exactly to the
hypermultiplet mass. We therefore have M =
√
2k
N Oy.
This relative normalization contains an important piece
of physics: the quark mass (M) is larger than than meson
masses (set by the scale m) by a factor of
√
N/k, the
square root of the ’t Hooft coupling of the ABJM theory.
This is precisely analogous to the mesons in the D3/D7
system (among others), where the meson masses go like
mquark/
√
λ, where λ is the ’t Hooft coupling of the gauge
theory [52].
2. Probe branes in the linear dilaton background
Two comments are in order before we continue. First,
because the linear dilaton background is conformal to flat
space rather than to AdS, the regularization scheme we
propose should be considered to be just that: a regu-
larization scheme. We have not rigorously renormalized
the bulk theory. As a result, our main reason for study-
ing this regularization is to nail down the proper holo-
graphic renormalization in the D3/D3 system at nonzero
density [82]. The technical details of that problem are
identical to those we face in creating our regularization
scheme.
While our regularization and so our free energy for
the dual theory has issues, our prescription for the chiral
symmetry breaking condensate is more reasonable. Our
result for this condensate is identical to its computation
in the D3/D3 system and simply returns the normalizable
term in the large-ρ expansion of the field y. This matches
the usual AdS/CFT picture where the normalizable term
of a field is proportional to the vacuum expectation value
of the operator sourced by its non-normalizable term.
An embedding that minimizes the action Eq. (2.43)
will have the large-ρ falloff y = m log ρ + y0 +
O(log2 ρ/ρ2). Integrating the action Eq. (2.43) up to a
large radial cutoff Λ, we find
S˜5,Λ = −N
∫ Λ
dρ ρ
(
1 +
m2 + µ2 +B2 −M2
2ρ2
)
+ finite.
(2.59)
The brane action then has a volume divergence from the
first term and four logarithmic divergences from the four
worldvolume fields we have turned on. We can regulate
these divergences with local counterterms on the cutoff
slice ρ = Λ in a similar manner to holographic renormal-
ization,
S˜CT = N
∑
i
L˜i|ρ=Λ, (2.60)
with the counterterms
L˜1 = 1
2
√−γ,
L˜2 = 1
2 log ρ
√−γ
(
y
ρ
)2
,
L˜3 = − 1
2 log ρ
√−γRe
−φ
gs
AµA
µ,
L˜4 = log ρ
4
√−γFµνFµν ,
L˜5 = − 1
2 log ρ
√−γRe
−φ
gs
A2θ. (2.61)
where γ is the induced metric on the cutoff slice and all
induces are slice indices contracted with γ. Note that in
the D3/D3 system the proper counterterm for the gauge
field L˜2 does not have a factor of the dilaton. We then
define the regulated action
S˜5,ren ≡ lim
Λ→∞
[
S˜5,Λ + S˜CT
]
. (2.62)
We should contrast this result with the divergences of
the original action Eq. (2.40),
S5,Λ = −N
∫ Λ
dρ ρ
(
1 +
m2 − µ2 +B2 +M2
2ρ2
)
,
(2.63)
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which differs from the divergence structure of the Legen-
dre transformed action Eq. (2.43) in the sign of the µ2
and M2 logarithmic divergences. The Legendre trans-
form changes the action’s asymptotics and so we need
slightly different slice counterterms,
SCT = N
∑
i
Li|ρ=Λ, (2.64)
with
L1 = L˜1, L2 = L˜2, L4 = L˜4,
L3 = −L˜3, L5 = −L˜5, (2.65)
from which we define the regularized action
S5,ren = lim
Λ→∞
[S5,Λ + SCT] . (2.66)
What physics is contained in these divergences? First,
the logarithmic divergences of the bulk action correspond
to a Weyl anomaly in the dual theory proportional to
terms like m2, µ2, &c. We can see this by performing
an infinitesimal Weyl variation in the boundary theory,
which corresponds to an infinitesimal scale transforma-
tion in the bulk. The logarithmic terms in the bulk action
transform inhomogeneously, giving rise to a change in the
action under the variation [83]. Second, some terms in
the anomaly differ by a sign depending on the field theory
ensemble.
In order to make this statement more precise we need
to relate bulk fields to expectation values in order to see
what field theory ensembles correspond to our regular-
ized bulk actions. Usually the original action Eq. (2.40)
corresponds to the grand canonical ensemble and the
Legendre-transformed action to the canonical. In order
to see if this is the case, we need a prescription for com-
puting expectation values.
Even though we do not performed strict holographic
renormalization for the bulk theory, let us proceed and
define one point functions in the field theory by variation
of our regularized actions. Moreover we will assume that
the original action Eq. (2.40) corresponds to the grand
canonical ensemble and then show that this assumption
is thermodynamically consistent. Varying the original
action Eq. (2.66) with respect to the fields y,A0, and Aθ
we find a variation of the boundary action on the cutoff
slice
δSbdy = N [ρ (−δy y′ + δA0A′0 − δAθA′θ)
+
1
log Λ
(δy y − δA0A0 + δAθAθ)]. (2.67)
We define our one-point functions by variation of this
boundary action with respect to the sources m,µ, and
M in the Λ→∞ limit, for example
c = 〈Oy〉 ≡ −δSbdy
δm
= − lim
Λ→∞
log Λ
δSbdy
δy
. (2.68)
Recalling the large-ρ expansion of our worldvolume fields,
y = m log ρ+ y0 + ..., A0 = µ log ρ+ a0 + ...,
Aθ = M log ρ+ c0 + ... (2.69)
we therefore find our one-point functions
c = 〈Oy〉 ≡ −δSbdy
δm
= −N y0,
d =
〈
j0
〉 ≡ δSbdy
δµ
= −Na0,
C = 〈Oθ〉 ≡ δSbdy
δM
= N c0. (2.70)
What happens when we Legendre transform? The
transformed action Eq. (2.43) is related to the original
Eq. (2.40) by
S˜5 = S5 −
∫
dρ
(
A′0
∂L
∂A′0
+Aθ′
∂L
∂A′θ
)
. (2.71)
Since each of the transforms gives a logarithmic diver-
gence at large ρ the counterterms required to regularize
S˜5 are different than for S5. Noting that a0 and c0 can
be obtained by integrating the gauge fields,
a0 = lim
Λ→∞
[∫ Λ
dρA′0 − µ log Λ
]
,
c0 = lim
Λ→∞
[∫ Λ
dρA′θ −M log Λ
]
, (2.72)
the reader can show that S˜5,ren is related to S5,ren by
S˜5,ren = S5,ren − µd−MC. (2.73)
Since the bulk action corresponds to (minus) the free
energy of the dual equilibrium state, we have
F˜ = F + µd+MC, (2.74)
so that the original bulk action S5 indeed corresponds to
the grand canonical ensemble and S˜5 to the canonical.
One nice check for these results is to compute the den-
sity in the grand canonical ensemble for the symmetric
phase c = 0. We can do this in two different ways: (i.)
by our prescription for the density in Eq. (2.70) and (ii.)
by computing the free energy F = −S6,ren for this phase.
Thermodynamic consistency of our regularized free en-
ergy requires that d = −∂F/∂µ. The regularized action
and dual density for the symmetric embedding y = 0 can
be evaluated by means of Eqs. (2.66,)(2.70), and (2.72)
to be
S6,ren =
rh
√
µ2 + B˜2 + r2h
2
−(µ2 + B˜2)
1− 2 log rh +
√
µ2 + B˜2 + r2h
2
 ,
d =µ log
rh +
√
µ2 + B˜2 + r2h
2
. (2.75)
The reader can verify that d = ∂S6,ren/∂µ, so that our
prescription for the free energy is indeed thermodynam-
ically consistent in the symmetric phase, at least with
respect to density.
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III. RESULTS
A. ABJM with flavor
Our goal in this subsection is to identify the existence
and location of the BKT transition in this system. As
a result, we will not solve the full problem of obtaining
embeddings, condensates, &c in the broken phase. The
full problem, while soluble, is numerically daunting for
little payoff: the final results will look very similar to
those of the D3/D5 system, but the broken phase will be
described by two condensates rather than one.
As in the D3/D5 system, the onset of the chiral BKT
transition can be found by analyzing the stability of fluc-
tuations around the symmetric embedding y = Aψ = 0.
These fluctuations are governed by the quadratic part of
Eq. (2.30), which is equivalent to3
L6 ∼ −N
2
[Y ′ ·K · Y ′ + Y · V · Y ] , (3.1)
where
Y =
(
y/ρ
Aψ
)
, K =
√−Gρ2I2, (3.2)
V =
(
−ρ2 − ρ4+B2√−G − d˜B√−G
− d˜B√−G −3ρ2 +
ρ4+B2√−G
)
, (3.3)
and
√−G =
√
d˜2 +B2 + ρ4 (3.4)
is the determinant of the open string metric on the sym-
metric embedding. This system behaves rather differ-
ently in two different regimes. At large ρ  √B, the
fields y/ρ and Aψ decouple from each other and fluc-
tuate as m2 = −2 scalars in AdS2. Fluctuations here
correspond to the ultraviolet of the dual theory, while
fluctuations at small ρ  √B correspond to the deep
infrared. Here y/ρ and Aψ fluctuate as coupled scalars
in AdS2. The infrared eigenmodes are
Φ± = Aψ +
B ±
√
d˜2 +B2
d˜
y
ρ
(3.5)
with masses m2± = ∓B/
√
d˜2 +B2 in the effective AdS2
region. This is the crux of the argument: while the D6
brane is always embedded in an AdS4 background, the
fields living on the brane see different geometries at dif-
ferent ρ. The open string metric [84] on the brane is
dominated in the infrared by the control parameters and
there becomes AdS2-like (the full result is a Lifshitz-like
space, but this does not affect our results).
3 By equivalent, we mean that there are terms of the form f(ρ)yy′
in the quadratic action whose contribution to the equation of
motion can be compensated for by a term − f ′(ρ)
2
y2.
For large density d˜2/B2 ≥ 15, the mode Φsgn(B) fluc-
tuates stably in the IR. However for d˜2/B2 < 15, the
mass of Φsgn(B) passes below the Breitenlohner-Freedman
bound for stability [49] in the effective AdS2, m
2
BF =
−1/4. There will be an infinite, exponential hierarchy
of tachyons in the symmetric embedding signalling an
instability toward a chiral symmetry broken y,Aψ 6= 0
embedding. There is therefore a chiral quantum phase
transition at
d
|B| c
= N
√
15 =
N
√
N
k
25/2pi
√
15. (3.6)
The appearance of the factor N
√
N/k is analogous to the
factor of N
√
λ that appears in the chiral transition in the
D3/D7 system [21], where λ is the ’t Hooft coupling of
that gauge theory.
We have verified the existence and location of the chi-
ral quantum transition. On the grounds of [22, 50], we
expect that it is of the holographic BKT type. We can
back up this claim with more rigor by sketching a deriva-
tion of the stable embeddings in the broken phase. These
embeddings determine the thermodynamics of the bro-
ken phase. Near the transition we find the embeddings
by matching solutions in two regions: a small-ρ non-
linear core and a large-ρ linear bulk. We begin with
the core region ρ  √B where the brane action is well-
approximated by
S˜6 = −N
∫
dρ
1
r
√
1 + y′2 +
r4
ρ2
A′2ψ
×
√
ρ2B2(1 +A2ψ) + (d˜r −BAψy)2.(3.7)
Our brane embeddings extremize this action and obey
the infrared boundary conditions y(0) = 0 with Aψ
falling off so that the action is integrable near ρ = 0.
Importantly, this region enjoys a scaling symmetry
ρ 7→ ξρ, y 7→ ξy, Aψ 7→ Aψ. (3.8)
As a result we can find a family of embeddings that obey
our boundary condition: for y = fy(ρ), Aψ = fψ(ρ) a
particular solution that obeys our boundary conditions,
we define the solutions yξ(ρ) = ξfy(ρ/ξ), Aψ,ξ = fψ(ρ/ξ)
for all ξ ∈ R+. However, this scaling symmetry is not
enough to obtain the two-parameter family of core solu-
tions. We need an extra boundary condition, which can
only be imposed by matching to the near-AdS4-boundary
asymptotics. Moving on, consider large ρ in this region
(near the boundary of the IR AdS2), y and Aψ mix in the
same way as we noted in Eq. (3.5); there are two scalars
with the asymptotics of m2 = ±B/
√
d˜2 +B2 scalars in
AdS2. We are interested in embeddings close to the chiral
transition, so we consider |B| close to the critical value.
Defining
α± = 2
√
m2BF −m2±,IR =
√
−1± 4B√
B2 + d˜2
, (3.9)
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this region corresponds to αsgn(B) both real and small.
Now letting B > 0, for a particular solution y,Aψ, the
eigenmodes Φ± have the near-AdS2-boundary asymp-
totics
Φ+(ρ) ∼ ρ− 12
(
−a0 cos
(α
2
log ρ
)
+
2a1
α
sin
(α
2
log ρ
))
,
Φ−(ρ) ∼ ρ− 12
(
b0ρ
a
2 + b1ρ
− a2
)
, ρ 1 (3.10)
where the ai and bi depend on α ≡ α+ and we have
defined a ≡ iα. There will be a one-parameter family
of ai’s and bi’s that, together with scaling, generate the
asymptotics of all core solutions.
To order α, a general embedding that obeys our bound-
ary conditions will have the large-ρ asymptotics
Φξ,+(ρ) =
√
ξ
ρ
2a1
α
sin
(
α
2
log
ρ
ρ1
)
, ρ ρ1 = ξea0/a1 ,
Φξ,−(ρ) =
√
ξ
ρ
(
b0ξ
− a2 ρ
a
2 + b1ξ
a
2 ρ−
a
2
)
, ρ ρ1 (3.11)
The ai can be series expanded in α
2 as
a0(α) =
∞∑
n=0
a0,nα
2n,
a1(α) =
∞∑
n=0
a1,nα
2n. (3.12)
In principle, we could numerically measure the ai,n by
obtaining core solutions that obey our boundary condi-
tions. However, we elect to continue and leave our results
in terms of the ai,n.
The linear region is the domain where y/ρ, y′, Aψ, and
ρA′ψ  1 and so the quadratic Lagrangian Eq. (3.1) is
a good approximation to the full Lagrangian. Unfortu-
nately, we have not been able to decouple the fields y and
Aψ everywhere in this regime and thus have not found the
linearly independent solutions for them. However, we do
know the solutions for them for ρ √B in the effective
AdS2. The eigenmodes Φ± fluctuate there as scalars of
mass-squared ∓B/
√
d˜2 +B2. The effective AdS2 region
extends from ρ of order but smaller than
√
B to where
our linearized approximations begin to fail.
For vanishing sources and small condensates we can
further approximate the solutions in the linear region:
we linearize in c and C. Near the transition the solutions
in the effective AdS2 region will then be
Φ+(ρ) ∼ ρ− 12
(
2f1
α
sin
(α
2
log ρ
)
+ f2 cos
(α
2
log ρ
))
,
Φ−(ρ) ∼ ρ− 12
(
f3ρ
a
2 + f4ρ
− a2
)
, (3.13)
where the fi are linear in c and C and depend upon α.
The linear and core regimes overlap in the region ρ√
B,Φ±, y′, and ρA′ψ  1. This region is rather large
near the transition and includes the infrared AdS2 region.
We match the linear and core solutions at an arbitrary
point in this region, which we take to be of order ξ, is
near the bottom of the AdS2. Both the core the linear
asymptotics overlap here so that we need only match the
solutions Eqs. (3.11) and (3.13). In order for these to
match the argument of the sin in Eq. (3.13) must make
pi between ρ1 ∼ ξ and ρ ∼
√
B. To exponential accuracy
we then have ξ ∼ e−2pi/α which gives
c, C ∼ fi ∼
√
ξ ∼ e−pi/α. (3.14)
Thus the chiral transition has exponential scaling and is
of the holographic BKT type.
Next, the way that we matched the core and linear
solutions makes it clear there are in fact an infinite num-
ber of symmetry-breaking embeddings. Following [22] we
term these solutions “Efimov extrema” for their resem-
blance to Efimov states [85]. The most general match
will have the argument of the sin in Eq. (3.13) can pass
through npi between ρ1 ∼ ξ and ρ ∼
√
B for n any posi-
tive integer. These embeddings oscillate through n/2 pe-
riods between the D2 branes at the bottom of AdS4 and
the boundary. Matching the core and linear solutions at
ρ ∼ ξ we find to exponential accuracy ξn ∼ e−2npi/α,
which yields condensates
cn, Cn,∼ fi ∼
√
ξn ∼ e−npi/α, (3.15)
where c1, C1 are the condensates for the simplest em-
bedding above. These embeddings, however, are not
dual to ground states: denoting the free energy of the
symmetric phase as F0, we find that the free energy for
the state dual to the nth non-trivial embedding goes like
F0−Fn ∼ e−2pin/α. It then follows that the n = 1 embed-
ding is dual to the ground state in the broken phase. The
extra non-trivial embeddings are then dual to extrema of
the dual theory that are at best metastable. The free en-
ergies of these extrema form an infinite tower, spaced by
the same factor e−2pi/α, reminiscent of the Efimov states.
These are an infinite exponential hierarchy of three-body
bound states in atomic systems where two-body interac-
tions have been tuned to threshold.
Finally, some words about finite temperature are in
order. We turn on a temperature in the field theory by
heating up the D2 branes. The dual geometry is a black
brane geometry with an AdS4-Schwarschild factor and a
horizon radius rh ∝ T . This change will dramatically
affect the chiral transition. In the D3/D5 system the
chiral transition became second-order with mean-field ex-
ponents at any nonzero temperature [22, 45]. Indeed, we
expect the same thing to happen here.
The crux is that fluctuations on the brane no longer
see an infrared AdS2 geometry arbitrarily close to the
horizon. Rather, the equation of motion for fluctuations
will have three separate distinct regimes: an AdS4 region
at large rl
√
B, an infrared AdS2 for rh  r 
√
B, and
a near-horizon geometry conformal to Rindler space for
r−rh  rh. The fields Φ± are therefore stabilized in the
deep infrared. Their fluctuations can be described by
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an equivalent quantum mechanics problem with a non-
trivial potential [50]. This potential has the form of an
inverse square potential regulated at both short distances
(by the control parameters) and at large distances (by the
temperature). As d˜ is decreased, the coefficient of the
inverse square potential passes below the stable bound;
however, no tachyons are formed because the potential is
regulated in the IR and UV. However, as d˜ is decreased
further a single tachyon will eventually form signalling
a second-order continuous transition rather than BKT
scaling. This is very different from the picture at zero
temperature: there is no infrared regulator there and so
an infinite exponential hierarchy of tachyons forms at the
transition. Thus the holographic BKT transition only
occurs at zero temperature, as generally noted in [22, 23].
The exponential scaling, however, is not utterly lost at
nonzero temperature. As shown in Fig. 1 for the little
string theory, the finite temperature condensates asymp-
tote to the zero temperature result for large enough mag-
netic fields. Moreover, the critical temperature will itself
scale exponentially with 1/α [23]. The simple way to see
this is to use the quantum mechanics picture for fluctua-
tions. For a scalar field in AdSd+1 with m
2 = m2BF−α2/4
with ultraviolet and infrared regulators that become im-
portant at respective scales rUV and rIR, the first tachyon
forms when they are exponentially separated [50]
α
2
log
rUV
rIR
∼ pi. (3.16)
The AdS2 region is defomred in the infrared by the black
brane horizon at rIR ∼ rh. To exponential accuracy the
finite temperature transition therefore occurs at
Tc ∼ e−2pi/α. (3.17)
These features should be quite general for holographic
BKT transitions.
B. Flavored little string theory
This subsection is divided into three parts. In the first,
we do some analytic work and identify the BKT transi-
tion in this system. Next we obtain some numerical re-
sults at zero temperature and find excellent agreement
with our analytic predictions. Finally, we look at this
theory at finite temperature wherein we lose the BKT
scaling near the transition. Our discussion throughout
will parallel our work above in the ABJM theory.
1. Analytic results
The onset of the chiral BKT transition can be found
by analyzing the stability of fluctuations of the symmet-
ric embedding y = 0, given by the quadratic part of
Eq. (2.43)
L˜5 ∼ −
N
√
µ2 + B˜2 + ρ2
2
y′2 +
N B˜2y2
2ρ2
√
µ2 + B˜2 + ρ2
.
(3.18)
We pause to consider the behavior of y in two different
limits. At large ρ  µ,B,M the radial equation of mo-
tion for y/ρ is that of a m2 = −1 scalar in AdS3. At
small ρ (the infrared of the dual theory), however, y/ρ
behaves like a m2 = − B˜2
µ2+B˜2
scalar in AdS2. This re-
sult is crucial: even though the D5 branes are embedded
in the linear dilaton background at all ρ the fields liv-
ing on them see different geometries at different ρ. The
open string metric is dominated in the IR by the control
parameters [84].
For µ2/B˜2 ≥ 3, y/r fluctuates stably in the IR. How-
ever, for µ2/B˜2 < 3 the mass of y/ρ in the IR is below
the Breitenlohner-Freedman bound for stability [49] in
the effective AdS2, m
2
BF = −1/4. The y = 0 embed-
ding is unstable in this phase and the stable phase will
be y 6= 0. There is therefore a chiral quantum phase
transition at
µ2
B˜2 c
= 3. (3.19)
We can compute thermodynamics in the broken phase
by solving for the stable embeddings with appropriate
boundary conditions. Near the transition, we can find
the embeddings by matching solutions in two regions: a
small-ρ non-linear core and a large-ρ linear bulk. We
begin with the core region ρ µ,B,M where the action
looks like
S˜ ∼ −N
∫
dρ
√
1 + y′2
√
µ2 + B˜2
ρ2
r2
. (3.20)
Our brane embeddings minimize this action and obey
the boundary condition y(0) = 0. Moreover, since this
region enjoys a scaling symmetry we can find all such
embeddings: for f(ρ) a particular solution that obeys the
boundary condition, we define another solution yξ(ρ) ≡
ξf(ρ/ξ) for all ξ ∈ R+.
At large ρ (near the boundary of the IR AdS2) y/r
has the asymptotics of a m2 = − B˜2
µ2+B˜2
scalar in AdS2.
Since we are interested in the near-critical behavior, we
will consider µ2 close to the critical value. Defining
α = 2
√
m2BF −m2IR =
√
µ2c − µ2
µ2 + B˜2
, (3.21)
this region corresponds to α both real and small. Then
f has the large-ρ asymptotics
f(ρ) ∼ √ρ
(
−a0 cos
(α
2
log ρ
)
+
2a1
α
sin
(α
2
log ρ
))
,
(3.22)
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where a0 and a1 are functions of α. To order α, a general
embedding then has the large-ρ asymptotics
y(ρ) =
2a1
α
√
ξρ sin
(
α
2
log
ρ
ρ1
)
, ρ ρ1 ≡ ξea0/a1 .
(3.23)
Since we are interested in the near-critical embeddings,
we series expand a0 and a1 in α,
a0(α) =
∞∑
n=0
a0,nα
2n,
a1(α) =
∞∑
n=0
a1,nα
2n. (3.24)
As we discuss in Sec. III B 2, we found solutions f at var-
ious small α and numerically measured a0,0 = −.32189,
a0,2 = −2.328, a1,0 = .42525, and a1,2 = −.7477.
The linear region is the domain where y/ρ, y′  1 and
the quadratic Lagrangian Eq. (3.18) is a good approxi-
mation to the full action. The two linearly independent
solutions for y can be found here without any further
approximation
f±(u) = u
1±iα
2 2F1
(
1± iα
4
,
1± iα
4
; 1± iα
2
;−u2
)
,
(3.25)
where
u ≡ ρ√
µ2 + B˜2
. (3.26)
Since we are studying the theory at zero bare mass, we
impose the large−ρ boundary condition
y(u) = c+f+(u) + c−f−(u) = y0 +O
(
1
u
)
, (3.27)
where we recall from Eq. (2.70) that the condensate of
the dual theory is simply −N y0. Demanding the reality
of the embedding forces c± to be complex conjugates,
which together with the boundary condition Eq. (3.27)
determines
c± =
c
N
(
∓i
∞∑
n=0
C2n+1α
2n−1 +
∞∑
n=0
C2n+2α
2n
)
,
(3.28)
where the Ci are all real constants. The first four are
C1 =
√
2
pi
,
C2
C1
= − log 8
2
,
C3
C1
= −1
2
(
C2
C1
)2
+
pi2
24
,
C4
C1
=
C2C3
C21
+
1
3
(
C2
C1
)3
− ζ(3)
4
. (3.29)
At small u near the IR AdS2 boundary y takes the form
y(u) =
√
u(c+u
iα/2 + c−u−iα/2), (3.30)
which can be rewritten with Eq. (3.28) as
y(u) =
2C1c
√
u
Nα (
∞∑
n=0
C2n+1
C1
α2n sin
(α
2
log u
)
(3.31)
+
∞∑
n=0
C2n+2
C1
α2n+1 cos
(α
2
log u
)).
To order α, these asymptotics can be rewritten as
y(ρ) =
2C1c
√
ρ
Nα(µ2 + B˜2)1/4 sin
(
α
2
log
ρ
ρ2
)
, (3.32)
where
ρ2 =
√
µ2 + B˜2 exp
(
−2C2
C1
)
(3.33)
is an intrinsic length scale in the linear regime.
The linear and core regimes overlap in the region
ρ  µ, y/ρ, y′  1. This region is quite large near
the transition. We therefore perform the matching at
an arbitrary point in this region, which we pick to be
ρ = ξ where the core and linear asymptotics overlap. In
order to match these solutions the argument of the sin
in Eq. (3.32) must make pi between ρ1 ∼ ξ and ρ2 ∼ µ.
To exponential accuracy we then have ξ ∼ e−2pi/α which
gives a condensate
c ∼
√
ξ ∼ e−pi/α. (3.34)
Thus the transition in the little string theory obeys BKT
scaling. The exponent and normalization of both ξ and
c can be found by matching y and y′ at ξ order by order
in α2
16
ξ =
√
µ2 + B˜2 exp
−2piα − a0a1 − 2C2C1 + α2
 a30012a310 + 23C31 (C32 + 3C1C2C3 − 3C21C4)︸ ︷︷ ︸
≡ξ2
+O(α4)
 ,
c = −N
√
µ2 + B˜2
a1
C1
exp
(
−pi
α
− a0
2a1
− C2
C1
+ α2
(
ξ2
2
+
a200
8a210
− 1
2C21
(C22 + 2C1C3)
)
+O(α4)
)
. (3.35)
We also compare this result to numerical data in Fig. 1.
As before, the way that we matched the core and linear
solutions makes it clear there are an infinite number of
embeddings which, following [22] we again term “Efimov
extrema” for their resemblance to Efimov states [85]. In-
deed, the most general match has the argument of the sin
in Eq. (3.32) pass through npi between ρ1 ∼ ξ and ρ2 ∼ µ,
for n a positive integer. These embeddings go through
n/2 oscillations between the bottom of the brane and the
boundary. Matching y and y′ at ρ = ξ we find a scale
factor and condensate corresponding to these extrema of
ξn = e
− 2(n−1)piα ξ1 +O(α4),
cn = (−1)n+1e−
(n−1)pi
α c1 +O(α
4), (3.36)
where ξ1 and c1 are the scale factor and condensate for
the simplest embedding above. However, the additional
extrema are not ground states: if one denotes by F0 the
free energy corresponding to the symmetric embedding,
then the free energy of the nth non-trivial extremum goes
like F0 − Fn ∼ e−2pin/α, so the n = 1 embedding is
the ground state. The infinite tower of extrema, spaced
by the same factor e−2pi/α is reminiscent of the Efimov
states.
2. Numerical results
We have two tasks in this subsection. The first is to
identify how we numerically obtain core solutions (i.e.
solutions that minimize Eq. (3.20)). The second is to
numerically obtain full zero-temperature numerical so-
lutions that minimize the whole action Eq. (2.43). We
will obtain numerical solutions at finite temperature in
Sec. III B 3.
We find numerical core solutions by shooting from
small ρ, i.e. at the very bottom of the brane. In or-
der to find a good series solution here we elect to change
coordinates and redefine our worldvolume fields by
y = e−τ cosφ, ρ = e−τ sinφ. (3.37)
The core action in these coordinates is
S˜5 ∼ −N
∫
dτe−τ
√
1 + φ′2
√
µ2 + B˜2 sin2 φ. (3.38)
As the reader may note from the form of the behavior of
y in the AdS2 region Eq. (3.30), both y/ρ and y
′ blow up
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FIG. 2. The free energy difference between the broken
and symmetric phases of the little string theory as a func-
tion of magnetic field. This curve scales exponentially as
∆F ∼ e−2pi/α.
at the bottom of the brane. This corresponds to φ = φ(τ)
going to zero as τ →∞. Indeed, there is a one-parameter
family of series solutions that obey this boundary condi-
tion,
φ(τ) = φ0e
−mτ
(
1 +
∞∑
n=1
φie
−2mτ
)
, (3.39)
where
m =
−1 +
√
1 + 4 B˜
2
µ2
2
, (3.40)
and the φi can be recursively solved for in terms of φ0.
Since this series expansion is in powers of e−mτ we could
write a series solution for φ in terms of the radial coordi-
nate r as φ = φ0r
m +O(r3m). In any event, we use this
small−ρ series solution as initial data upon which we nu-
merically integrate to find y up to very large ρ close to the
AdS2 boundary (of order ρ ∼ 1025). We then match the
numerical solution to the near-AdS2 boundary solution
Eq. (3.23) to find a0 and a1 at small α.
Our full zero-temperature solutions were obtained by
shooting from large ρ. Imposing the zero mass condition,
we find a series solution for y near infinity
y(ρ) = y0 +
∞∑
n=1
ynρ
−2n, (3.41)
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FIG. 3. The density as a function of chemical potential in
the broken phase of the little string theory. The thin dashed
blue curve represents a direct measurement of the density by
Eq. (2.70) while the thick dashed black curve is −∂F/∂µ.
where the yn are recursively determined by y0. We use
this series solution as initial data upon which we again
numerically integrate. This time we proceed from large
ρ (here, we use a series solution to eight orders and inte-
grate from ρ = 100) to very small ρ (of order ρ ∼ 10−30
to 10−28). However, due to the spiky behavior of the core
solution Eq. (3.39) near ρ = 0 we need to more careful in
order to ensure that we correctly shoot to the IR bound-
ary condition y(0) = 0. This simply means that we shoot
for our solutions match the core series solution Eq. (3.39)
at small ρ.
We plotted some of these results in Sec. I. First, we
plotted the condensate in the broken phase in Fig. 1. We
also computed the regularized free energy F = −S5,ren
in the broken phase and plotted it in Fig. 2. The agree-
ment between our analytical and numerical data for the
condensate indeed holds to O(α4).
Finally, we recall our prescription for computing the
density d in the dual theory. In principle we can also
obtain the density from the free energy: thermodynamic
consistency requires that d = −∂F/∂µ. We compare
these in Fig. 3 after using Eq. (2.70) and (2.72) to mea-
sure d. Indeed the two agree remarkably well - our pre-
scription for the free energy of the dual theory passes this
consistency test at zero temperature.
3. Finite temperature
The action Eq. (2.43) is only suitable at zero tempera-
ture. We turn on a temperature in the little string theory
by heating up the 5-branes. The resulting geometry is a
black brane geometry
g =
r
R
(−fdt2 + d~x2) + dr
2
rRf
+ rRgS3 ,
f(r) = 1− r
2
h
r2
, (3.42)
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FIG. 4. The rescaled critical horizon radius as a function of
α in the little string theory. Over this domain e2pi/α decreases
by a factor ∼ 6.64×106, while the rescaled radius is relatively
constant. The critical radius therefore scales as rh,c ∼ e−2pi/α.
where rh is the horizon radius and the dilaton and form
fields are as before. This black brane has some interesting
thermodynamics: its temperature is independent of rh,
T =
1
2piR
. (3.43)
This fact informs us that (i.) the little string theory has a
Hagedorn phase and (ii.) the bulk theory at any (order 1)
temperature is dual to that Hagedorn phase. Consistent
with this result, the energy and entropy densities of the
black brane grow with rh,
s =
r2h
(2pi)4g2sR
. (3.44)
In both the bulk and field theories, entropy and energy
can be added by increasing rh without raising the tem-
perature.
We will now measure how the BKT transition is mod-
ified in the presence of this background entropy density.
We will use a different parametrization for the embedding
than in Eq. (2.32), writing the 3-sphere metric as
gS3 = dθ
2 + sin2 θdφ2 + cos2 θdψ2, (3.45)
and letting θ = θ(r) depend on the radial coordinate.
As before our brane embeddings will be specified by φ =
x4 = x5 =constant. The Legendre transformed brane
action density now takes the form
S˜5 = −N
∫
dr
√
1 + r2fθ′2
√√√√µ2 + r2 cos2 θ(1 + B˜2
r2
)
.
(3.46)
Before going on, we should pause to note an important re-
sult. The linearized action for small fluctuations around
the chirally symmetric θ = 0 is now
L ∼ −N
√
µ2 + B˜2 + r2
r2fθ′2
2
+
N (B˜2 + r2)θ2
2
√
µ2 + B˜2 + r2
,
(3.47)
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which, as for the ABJM theory, now exhibits three sep-
arate limits at small horizon radius. At large r  µ, θ
fluctuates like a stable scalar field and there is the AdS2
region at medium rh  r  µ. However, there is now
a near-horizon region r − rh  rh, conformal to Rindler
space, where the field is stable. Following the same ap-
proach as in Sec. III A, we describe this system with an
equivalent quantum mechanics. This problem has a po-
tential that has the form of an inverse square potential
regulated at both small and large distances. As before
a single tachyon will form as µ is decreased, signalling a
continuous transition rather than exponential scaling.
Moreover we can estimate the scaling of the critical
horizon radius at fixed α [23]. Using the same logic as in
Sec. III A, we find that to exponential accuracy the finite
temperature transition occurs at
rh,c ∼ e−2pi/α. (3.48)
We confirm these results numerically by solving the
embedding equations at nonzero temperature. We do
so again by shooting inwards from the boundary. Our
boundary condition there is that θ is normalizable, for
which we obtain a large−ρ series solution
θ(r) =
∞∑
n=0
θ2n
r2n+1
, (3.49)
where the θn are recursively determined by θ0. We use
this series solution to set initial conditions for numerical
integration. We then integrate down very close to the
horizon, where we see if our solution satisfies the infrared
boundary condition that θ is regular at rh.
We plotted some of our results in Sec. I. We plotted
the condensate in Fig. 1; unfortunately, we have suffered
some systematic errors in our numerics for the free energy
at nonzero temperature and so we do not plot them here4.
We go on to present more data in this subsection. First,
we plot the critical horizon radius as a function of α and
find that it indeed scales exponentially in Fig. 4. Finally,
we measure the static critical exponent ν,
|c| ∼ (µc(T )− µ)ν , (3.50)
for the transition at rh = 10
−12 in Fig. 5 and find it to
be mean-field, ν = 0.500 ∼ 1/2.
4 Away from the chiral transition at nonzero temperature the em-
beddings asymptote to the zero temperature result for r− rh 
rh. For small horizon radii the free energy should then also
asymptote to the zero temperature data. We do not find this,
implying some systematic errors in our determination of the free
energy at finite temperature.
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FIG. 5. A log-log plot of the condensate as a function of
magnetic field at nonzero temperature in the little string the-
ory. The black dots are numerical data and the thin blue line
is a fit with slope .500 ∼ 1/2. This slope measures the critical
exponent ν, which takes the mean-field value.
IV. DISCUSSION
A. IR AdS2
We have identified quantum holographic BKT transi-
tions in both flavored ABJM and little string theories.
The mechanism in the bulk that drives the transition is
clear: in each case the field dual to the chiral symme-
try breaking order parameter becomes unstable near the
bottom of the flavor brane. The radial equation for the
field in this region is that of a scalar in AdS2 with a mass
that depends on the control parameters. The holographic
BKT transition occurs when the mass drops below the
Breihtenlohner bound for stability [49] in this effective
AdS2 region.
We would like to use this information to infer proper-
ties of the mechanism in the field theory that gives rise
to the holographic BKT transition. As in [22] we find it
instructive to consider a multiplicity of systems that do
not realize holographic BKT transitions. The flavored
little string theory, in particular, is one of many systems
whose holographic dual has supersymmetric flavor branes
probing the near-horizon p-brane geometries [71]. These
geometries are given by
g = Z(r)
7−p
4 gp,1 + Z(r)
p−7
4 (dr2 + r2gS8−p),
eφ ∝ Z(r) p−34 , Z(r) = r
2
R2
, (4.1)
where R is related to the coupling of the Yang-Mills the-
ory on the p-branes and there are N units of (p + 2)-
form flux. For p < 7 these field theories typically flow to
flavored maximally supersymmetric Yang-Mills theories
in limits that vary with p. Most supersymmetric probe
branes in these backgrounds fall into one of three cate-
gories: (i.) D(p+4) branes that wrap an S3 ⊂ S8−p, dual
to codimension-0 flavor, (ii.) D(p+ 2) branes that wrap
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an S2, dual to codimension-1 flavor, and (iii.) Dp branes
that wrap an S1, dual to codimension-2 flavor. The oth-
ers have flavor in either (0 + 1) or (1 + 1) dimensions, for
which we cannot turn on a magnetic field.
The probe brane action for the theory with
condimension-k flavor at nonzero magnetic field and den-
sity is not hard to obtain. Following the derivation of
Eq. (2.38), we find that it is proportional to
S˜p,k ∝
∫
dp+1−kxdρ
√
1 + y′2
√
d2 + ρ2(3−k)
(
1 +
B2
r7−p
)
,
(4.2)
where d is proportional to the constant of integration
associated with A′0 in the DBI action, ∂L/∂A′0. For most
cases this constant is interpreted as the baryon density of
the dual theory. For others (like the flavored little string
theory we consider), it is the chemical potential for the
baryon density. Also, p+ 1− k must be greater than or
equal to 3 so that we can add a magnetic field.
The Lagrangian for embeddings close to the chirally
symmetric one y = 0 is
L ∝ −
√
d2 +B2ρp−2k−1 + ρ2(3−k)
y′2
2
+
B2ρp−2k−3√
d2 +B2ρp−2k−1 + ρ2(3−k)
(7− p)y2
4
. (4.3)
This Lagrangian has an infrared limit that depends on
whether p − 2k − 1 is positive, negative, or zero. They
have the case structure
1. p − 2k − 1 < 0: There is one such case, p = 4 and
k = 2. It has a limit where y/ρ obeys the equation
of motion of a m2 = −1 scalar in AdS 3
2
and so is
unstable - the symmetric embedding is unstable at
all densities.
2. p − 2k − 1 = 0: There are two cases, p = 3, k =
1 and p = 5, k = 2. These are respectively the
D3/D5 system and the flavored little string theory
we consider in this work. In these cases y/ρ obeys
the equation of motion in the infrared of a m2 =
−(3−k)B2/(B2 +d2) scalar in AdS2, which passes
below the BF bound for d ≤ √7B in the D3/D5
system and d ≤ √3B in the little string theory. In
each case there is a holographic BKT transition at
this magnetic field.
3. p−2k−1 > 0: In all of these systems, y/ρ behaves
in the infrared as massless scalar in AdS2. A large
enough magnetic field will break chiral symmetry
but the transition will not be of the holographic
BKT type. From the numerical work done in the
D3/D7 system [21] we expect the transition to be
second-order with mean-field exponents. The one
exception is p = 6, k = 0 where the magnetic field
does not trigger chiral symmetry breaking at zero
density; presumably there is no transition in that
system at any magnetic field.
The only theories in this class that realize holographic
BKT transitions in the (B, d) plane are the D3/D5 and
D5/D5 systems. We would like to understand what is
special about these theories. In [22], we speculated that
the special feature was that the theory lived in (2 + 1)-
dimensions so thatB and d had the same operator dimen-
sion. The D5/D5 system is a striking counterexample,
but can be understood similarly in terms of generalized
conformal symmetry.
B. Generalized conformal symmetry
Most of these field theories run in the infrared (except-
ing flavored N = 4 SYM). However, it is clear from their
holographic duals that a generalized conformal symme-
try emerges there [75]. Dilatation in the boundary the-
ory is realized in the bulk by simultaneously scaling the
field theory directions x and the radial coordinate. For a
probe brane that adds codimension-k flavor, the volume
of the brane
Vk =
∫
dp+5−2kξe−φ
√
−P[g] (4.4)
is invariant under
Dλ : x 7→ λ−1x, r 7→ λ
4(p+1−k)
1−4k+p(8−p) r. (4.5)
There is then a generalized dilatation invariance in the
dual flavor, under which operators will generally assume
a dimension that differs from its canonical one. As an
example, let us obtain the dimensions of the magnetic
field and chemical potential/density in these theories.
To find these dimensions we need only consider the
U(1) gauge field in the weak field limit,
SEM = −NfTp+4−2k
∫
dp+5−2kξe−φ
√
−P[g]F
2
4
. (4.6)
This action is invariant under Dλ when the components
of the field strength assume particular eigenvalues under
Dλ. For example, F0r must have dimension 0 and Fij
dimension 2(p+ 1− k)(7− p)/(1− 4k + p(8− p)). From
this we learn the dimensions
[µ] =
4(p+ 1− k)
1− 4k + p(8− p) , [d] = (3− k)[µ],
[B] =
2(p+ 1− k)(7− p)
1− 4k + p(8− p) , (4.7)
where [µ] comes from the scaling of the leading term of
A0 and [d] from the near-boundary expansion of A0 =
µ − d/N (2 − k)ρ2−k + .... These dimensions obviously
differ from the canonical ones [µ] = 1, [B] = 2.
Now we note that the only (p, k) for which [d] = [B]
are (3, 1) and (5, 2). These are the D3/D5 system and the
flavored little string theory we study in this work. In each
case B and d have dimension 2. Indeed, from our analysis
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in Sec. IV A we know that these are the only systems in
this class that realize holographic BKT transitions.
What about the other (p, k) systems? It turns out
that the one system with p − 2k − 1 < 0, (4, 2), has
[B] > [d] = [µ]. The reader will recall that there is no
chiral phase transition in this theory; chiral symmtrey is
broken for all B 6= 0. Moreover, the other systems with
p− 2k − 1 > 0 have [B] < [d].
These results are extremely suggestive in terms of
renormalization group flow. Consider a (generalized)
conformal theory deformed with some set of control pa-
rameters. These will induce flows of conjugate opera-
tors. In particular, the infrared of the theory will be
dominated by the flow of the lowest dimension operator
which will be induced by the highest dimension control
parameter. If there are two or more control parameters of
the same dimension are turned on, they can dominate the
infrared, provided that they remain the same dimension
(relative to each other) after being turned on. In such
a theory there will be non-trivial renormalization group
flow as these operators compete to arbitrarily low energy
scales. We claim that these conditions are sufficient to
engineer a holographic BKT transition if one of these
operators tends to restore a symmetry and the other to
break it. At the least, this sort of scenario is markedly
different than the usual Ginzburg-Landau-Wilson picture
for phase transitions [86].
This picture is certainly consistent with all known
quantum critical points embedded in string theory. The
three probe brane systems with [B] = [d] realize holo-
graphic BKT transitions. The theory with [B] > [d] = [µ]
has an infrared dominated by the magnetic field and
there is never a chiral transition. In the theories where
[B] < [d], the infrared is density-dominated and the chi-
ral transitions are presumably second-order.
We have two loose ends to discuss. The first is the
scalar mass operator in the flavored little string theory.
How does it fit into this picture of generalized conformal
invariance and BKT transitions? A simple computation
shows that [M ] = 2 in this theory, so that all three con-
trol parameters µ,B, and M have the same generalized
conformal dimension. We are not surprised, then, to find
that there is a line of BKT transitions in the (µ,B,M)
plane. Second, there are two more systems for which
[µ] = [B]: (p, k) = (5, 0) and (5, 1). Why do we not
see holographic BKT transitions in these systems? Our
answer is simple. In each case the dimension of the den-
sity is larger than [µ]. As a result the deep infrared will
be dominated by the density, rather than an interplay
between the magnetic field and µ.
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Appendix A: Computation of the spectrum
We obtain the meson spectrum of the flavored ABJM
theory by studying small fluctuations around the embed-
ding y = m. There are four types of fluctuations corre-
sponding to the four types of fields on the flavor brane,
one corresponding to the transverse scalars y and those
related by SO(3)χ symmetry and three to the gauge field
on the brane. We begin with a fluctuation of the trans-
verse scalar y = m+ δy.
The linearized Lagrangian for δy is equivalent to
Lδy∝
√
−P[g]
[
δy′2 +
∂µy∂
µy
(ρ2 +m2)2
]
+
2ρ√
ρ2 +m2
√
gC3∂iy∂
iy, (A1)
where P[g] is the induced metric on the background y =
m, ∂i is a derivative with respect to a coordinate on C3
and the i’s are contracted with the metric on C3. By
separability, the equation of motion for δy can then be
solved by an eigenfunction expansion. They are given by
δyk,n,l = e
ik·xφy,n(ρ)Yj(C3), (A2)
where the Yj(C3) are harmonics on C3,
DiD
iY l(C3) = −λjYj(C3), (A3)
and Di is the covariant derivative on C3. Since at any
constant ρ C3 is a squashed RP3 we can obtain the har-
monics on C3 from the harmonics on RP3. These fall into(
j
2 ,
j
2
)
multiplets of the SO(3)× SO(3) isometry of RP3
for integer j/2. Under the pullback from the squashed
RP3 to the round one, these harmonics form a complete
set on the squashed space. However, the reduced isome-
try of the squashed RP3 implies that these harmonics can
mix and that their eigenvalues may be dependent upon
the squashing parameter y2/ρ2.
Actually, only the second SO(3) is broken to U(1) in
the squashed space. The harmonics on C3 therefore fall
into
(
j
2 ;
j
2 ,
m′
2
)
5 representations of SO(3)×U(1) for inte-
ger j/2 and m′/2. There is only one such representation
for each j/2, m′/2, so the scalar harmonics do not mix
on C3. It is a short exercise to show that, however, the
eigenvalues of the
(
j
2 ;
j
2 ,
m′
2
)
harmonics are modified to
depend on y2/ρ2 through
λ,m′ = m
′2 +
j(j + 2)−m′2
1 + y
2
ρ2
. (A4)
5 This notation indicates both of the SO(3) quantum numbers as
well as the U(1) charge.
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The equation of motion for a mode Eq. (A2) is then
(ρ
√
ρ2 +m2φ′y)
′
ρ
√
ρ2 +m2
− k
2
(ρ2 +m2)2
φy − 1
4ρ2
λj,m′φy = 0,
(A5)
which has the solutions
φy,±= ρ±
m′
2 (ρ2 +m2)4β (A6)
×2F1
(−j ±m′ + β
4
,
2 + j ±m′ + β
4
; 1± m
′
2
;− ρ
2
m2
)
,
where we have defined β = 1+
√
1− 4k2/m2. We obtain
the meson masses from these solutions by finding those
−k2 for which we satisfy boundary conditions at small
and large ρ. Near the bottom of the brane at small ρ the
φy,± behave as
φy,± ∼ ρ±m
′
2 . (A7)
Our small-ρ boundary condition is simply that δy is reg-
ular so that the correct solution is φy,sgn(m′). At large ρ
where we have
φy,± ∼
Γ
(
j+1
2
)
Γ
(
1± m′2
)
Γ
(
4+j±m′−β
4
)
Γ
(
2+j±m′+β
4
)ρ j2 +O (ρ)−1− j2 ,
(A8)
the proper boundary condition is that φy is normalizable.
That is, the coefficient on the ρj/2 term must vanish.
This can only be accomplished for particular k2 so that
the denominator is sitting on a pole. These are given by
− k2y =
m2
4
(2 + j + |m′|+ 4n)(4 + j + |m′|+ 4n). (A9)
These are the meson masses(-squared) of the dual theory.
Moreover, the large-ρ behavior of the solutions Eq. (A8)
yields the dimensions of the dual operators, ∆ = 2 + j2 .
These operators are of the form ψ¯(AiBi)
j/2ψ, where the
ψ are the flavored fermions and the Ai’s and Bi’s are
bifundamental fields of the ABJM theory [65].
We move on to consider the fluctuations of the gauge
fields. Following [52, 65], these can be broken into three
classes,
Type I: Aµ = ζµe
ik·xφI,n(ρ)Yj(C3), Aρ = 0, Ai = 0,
Type II: Aµ = 0, Aρ = e
ik·xφII,n(ρ)Yj(C3), Ai = eik·xφ˜II,n(ρ)DiYj(C3),
Type III: Aµ = 0, Aρ = 0, Ai = e
ik·xφIII,n(ρ)Yji (C3), (A10)
where we have indexed the internal directions with i and
the vector harmonics of spin j/2 under the unbroken
SO(3) on C3 are labeled by Yji (C3). These obey
DiD
iYjk(C3)−RikYji (C3) = −λjYjk(C3),
DiYji = 0, (A11)
where [Di, Dk] = Rik is the Ricci curvature.
We have been able to solve the meson spectrum for the
Type I fluctuations. Due to the background Ramond-
Ramond 3-form potential the gauge field obeys
∂a(
√
−P[g]F ab)− 3
2
r3 sin θbij∂iAj = 0, (A12)
where we have chosen the orientation (ψ, θ, φ) to be pos-
itive. For the Type I fluctuations the b = µ equations
impose the usual condition ζ · k = 0, the b = i equations
are automatically satisfied, and the b = ρ equation is
(ρ
√
ρ2 +m2φ′I)
′√
ρ2 +m2
− ρk
2
(ρ2 +m2)2
φI − 1
4ρ
λj,m′φI = 0,
(A13)
where the λj,m′ are those in Eq. (A4). This is the same
equation of motion as for the transverse scalar δy and so
has the same solutions and meson spectrum,
− k2I =
m2
4
(2 + j+ |m′|+ 4n)(4 + j+ |m′|+ 4n). (A14)
The dual operators have the dimensions 2 + j2 .
Moving on to the Type II fluctuations, we find that
the b = µ equations relate φII and φ˜II by
(ρ
√
ρ2 +m2φII)
′
ρ
√
ρ2 +m2
=
λ
4ρ2
φ˜II . (A15)
Before going on, note that for j = 0 this equation reduces
to (ρ
√
ρ2 +m2φII)
′ = 0, which has the solution
φII ∝ 1
ρ
√
ρ2 +m2
, (A16)
which is singular at ρ = 0. We therefore consider only
j > 0 modes. Using the condition Eq. (A15), the b = ρ
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and b = i equations are identical,
1
ρ
√
ρ2 +m2
 ρ√ρ2 +m2
1− 4m2ρ2k2λj,m′ (m2+ρ2)2)
φ′II
′ = λj,m′
4ρ2
φII ,
(A17)
where the λj,m′ are as in Eq. (A4). This equation of
motion presumably has analytical solutions in terms of
hypergeometric functions and an interesting k-dependent
prefactor. Unfortunately, we have not been able to find
it. The best we have been able to do is to solve Eq. (A17)
at k = 0,
φ˜II,± = ρ±
m′
2 2F1
(−j ±m′
4
,
2 + j ±m′
4
; 1± m
′
2
;− ρ
2
m2
)
.
(A18)
At large ρ these solutions go as
φ˜II ∼ ρ
j
2 + ρ−1−
j
2 , (A19)
so that the dimensions of the dual operators are indeed
2 + j2 . Nonetheless, the meson spectrum could be ob-
tained by numerically solving Eq. (A17); we have done
this for various j,m′ and found a meson spectrum that
agrees with the masses Eq. (A9) to approximately one
percent.
The last set of modes, the Type III fluctuations, is
by far the hardest to solve. To see this, recall that
there are two types of vector harmonics on a round
S3 and therefore on a round RP3 ≈ S3/Z2, those that
fall into
(
j±1
2 ,
j∓1
2
)
representations and the gradients of
the scalar harmonics, DiYj , which fall into
(
j
2 ,
j
2
)
rep-
resentations. There are then three representations that
can mix for general j,m′:
(
j
2 ;
j
2 ,
m′
2
)
,
(
j
2 ;
j−2
2 ,
m′
2
)
, and(
j
2 ;
j+2
2 ,
m′
2
)
. Since
DiD
i(DkYj) = 0 (A20)
there are only two linearly independent eigenmode rep-
resentations for each j,m′. These modes will generally
mix rather nastily. There are some exceptions. First,
for j = 0 there are only the
(
0; 1, m
′
2
)
vectors, so these
do not mix and are simple to analyze. Second, for the
maximal |m′| = j + 2 there is only the
(
j
2 ;
j+2
2 ,
m′+2
2
)
vector. Finally, the near-maximal case |m′| = j yields a
single mode which is a combination of the
(
j
2 ;
j
2 ,
j
2
)
and(
j
2 ;
j+2
2 ,
j
2
)
representations.
It is easy to perform the harmonic analysis for the j =
0 fields on the internal space. Unfortunately, we cannot
solve the corresponding sectors of meson spectra. We
look at these fields anyway in order to verify a claim in
Sec. II A 2 about their near-boundary expansion. The
eigenvalues are
m′ = ±2 : λ = 4, m′ = 0 : λ = 4(
1 + y
2
ρ2
)2 (A21)
and the fields also obey
i
kl∂kY0l = −2Y0i
√
gC3
{
1, m′ = ±2,
2
1+ y
2
ρ2
, m′ = 0. (A22)
The equations of motion for these fields Eq. (A12) are
then(
ρ(ρ2 +m2)3/2φ′III
)′
ρ(ρ2 +m2)3/2
+
(2ρ2 −m2) + k2ρ2ρ2+m2
ρ2(ρ2 +m2)
φIII = 0
for m′ = ±2 and
ρ√
ρ2 +m2
(
(ρ2 +m2)5/2
ρ
φIII
)′
+ (2ρ2 + k2)φIII = 0
(A23)
for m′ = 0. In each case the large-ρ solution for φIII is
given by
φIII =
a1
ρ
+
a2
ρ2
+ ... (A24)
As discussed in Sec. II A 2, the dimension of the dual
operator in the supersymmetric theory is 1 so we should
treat a2 as a source. We do so in Sec. II C 1 and find the
one-point function of the dual operator.
[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998),
arXiv:hep-th/9711200.
[2] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998),
arXiv:hep-th/9802150.
[3] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys.
Lett. B428, 105 (1998), arXiv:hep-th/9802109.
[4] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998),
arXiv:hep-th/9803131.
[5] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843
(2005), arXiv:hep-th/0412141.
[6] D. Mateos, R. C. Myers, and R. M. Thomson, Phys. Rev.
Lett. 97, 091601 (2006), arXiv:hep-th/0605046.
[7] D. T. Son and A. O. Starinets, Ann. Rev. Nucl. Part. Sci.
57, 95 (2007), arXiv:0704.0240 [hep-th].
[8] C. P. Herzog, A. Karch, P. Kovtun, C. Kozcaz, and L. G.
Yaffe, JHEP 07, 013 (2006), arXiv:hep-th/0605158.
[9] S. S. Gubser, Phys. Rev. D74, 126005 (2006), arXiv:hep-
th/0605182.
[10] D. T. Son, Phys. Rev. D78, 046003 (2008),
arXiv:0804.3972 [hep-th].
[11] K. Balasubramanian and J. McGreevy, Phys. Rev. Lett.
101, 061601 (2008), arXiv:0804.4053 [hep-th].
[12] J. L. Davis, P. Kraus, and A. Shah, JHEP 11, 020 (2008),
arXiv:0809.1876 [hep-th].
[13] M. Fujita, W. Li, S. Ryu, and T. Takayanagi, JHEP 06,
066 (2009), arXiv:0901.0924 [hep-th].
23
[14] O. Bergman, N. Jokela, G. Lifschytz, and M. Lip-
pert(2010), arXiv:1003.4965 [hep-th].
[15] S. S. Gubser, Phys. Rev. D78, 065034 (2008),
arXiv:0801.2977 [hep-th].
[16] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, Phys.
Rev. Lett. 101, 031601 (2008), arXiv:0803.3295 [hep-th].
[17] H. Liu, J. McGreevy, and D. Vegh(2009),
arXiv:0903.2477 [hep-th].
[18] M. Cubrovic, J. Zaanen, and K. Schalm, Science 325,
439 (2009), arXiv:0904.1993 [hep-th].
[19] T. Faulkner, H. Liu, J. McGreevy, and D. Vegh(2009),
arXiv:0907.2694 [hep-th].
[20] S. A. Hartnoll, J. Polchinski, E. Silverstein, and D. Tong,
arXiv:0912.1061.
[21] K. Jensen, A. Karch, and E. G. Thompson, JHEP 05,
015 (2010), arXiv:1002.2447 [hep-th].
[22] K. Jensen, A. Karch, D. T. Son, and E. G. Thomp-
son(2010), arXiv:1002.3159 [hep-th].
[23] N. Iqbal, H. Liu, M. Mezei, and Q. Si(2010),
arXiv:1003.0010 [hep-th].
[24] E. D’Hoker and P. Kraus, JHEP 05, 083 (2010),
arXiv:1003.1302 [hep-th].
[25] S. A. Hartnoll, Class. Quant. Grav. 26, 224002 (2009),
arXiv:0903.3246 [hep-th].
[26] C. P. Herzog, J. Phys. A42, 343001 (2009),
arXiv:0904.1975 [hep-th].
[27] J. McGreevy(2009), arXiv:0909.0518 [hep-th].
[28] K. G. Wilson and J. B. Kogut, Phys. Rep. 12, 75 (1974).
[29] S. Sachdev(2009), arXiv:0910.0846, http:
//www.citebase.org/abstract?id=oai:arXiv.org:
0910.0846.
[30] S. W. Hawking and D. N. Page, Commun. Math. Phys.
87, 577 (1983).
[31] I. Kirsch, Fortsch. Phys. 52, 727 (2004), arXiv:hep-
th/0406274.
[32] A. Karch and A. O’Bannon, JHEP 11, 074 (2007),
arXiv:0709.0570 [hep-th].
[33] J. P. Gauntlett, J. Sonner, and T. Wiseman, Phys. Rev.
Lett. 103, 151601 (2009), arXiv:0907.3796 [hep-th].
[34] J. Gauntlett, J. Sonner, and T. Wiseman, JHEP 02, 060
(2010), arXiv:0912.0512 [hep-th].
[35] L. G. Yaffe, Rev. Mod. Phys. 54, 407 (1982).
[36] A. Buchel and C. Pagnutti, arXiv:0912.3212.
[37] S. Franco, A. M. Garcia-Garcia, and D. Rodriguez-
Gomez, Phys. Rev. D81, 041901 (2010), arXiv:0911.1354
[hep-th].
[38] B. Rosenstein, B. J. Warr, and S. H. Park, Phys. Rev.
D39, 3088 (1989).
[39] V. L. Berezinskii, Zh. Eksp. Teor. Fiz. 59, 907 (1970).
[40] J. M. Kosterlitz and D. J. Thouless, J. Phys. C6, 1181
(1973).
[41] S. R. Coleman, Commun. Math. Phys. 31, 259 (1973).
[42] N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).
[43] P. C. Hohenberg, Phys. Rev. 158, 383 (1967).
[44] J. M. Kosterlitz, J. Phys. C 7, 1046 (1974).
[45] N. Evans, A. Gebauer, K.-Y. Kim, and M. Magou(2010),
arXiv:1003.2694 [hep-th].
[46] O. Aharony, O. Bergman, D. L. Jafferis, and J. Malda-
cena, JHEP 10, 091 (2008), arXiv:0806.1218 [hep-th].
[47] N. Seiberg, Phys. Lett. B408, 98 (1997), arXiv:hep-
th/9705221.
[48] N. Evans, A. Gebauer, K.-Y. Kim, and M. Magou, JHEP
03, 132 (2010), arXiv:1002.1885 [hep-th].
[49] P. Breitenlohner and D. Z. Freedman, Ann. Phys. 144,
249 (1982).
[50] D. B. Kaplan, J.-W. Lee, D. T. Son, and M. A.
Stephanov, Phys. Rev. D80, 125005 (2009),
arXiv:0905.4752 [hep-th].
[51] S. S. Pal(2010), arXiv:1006.2444 [hep-th].
[52] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Win-
ters, JHEP 07, 049 (2003), arXiv:hep-th/0304032.
[53] M. Benna, I. Klebanov, T. Klose, and M. Smedback,
JHEP 09, 072 (2008), arXiv:0806.1519 [hep-th].
[54] J. Bagger and N. Lambert, Phys. Rev. D75, 045020
(2007), arXiv:hep-th/0611108.
[55] J. Bagger and N. Lambert, Phys. Rev. D77, 065008
(2008), arXiv:0711.0955 [hep-th].
[56] B. E. W. Nilsson and C. N. Pope, Class. Quant. Grav. 1,
499 (1984).
[57] G. Arutyunov and S. Frolov, JHEP 09, 129 (2008),
arXiv:0806.4940 [hep-th].
[58] B. Stefanski, jr, Nucl. Phys. B808, 80 (2009),
arXiv:0806.4948 [hep-th].
[59] G. Grignani, T. Harmark, and M. Orselli, Nucl. Phys.
B810, 115 (2009), arXiv:0806.4959 [hep-th].
[60] J. A. Minahan and K. Zarembo, JHEP 09, 040 (2008),
arXiv:0806.3951 [hep-th].
[61] D. Gaiotto, S. Giombi, and X. Yin, JHEP 04, 066 (2009),
arXiv:0806.4589 [hep-th].
[62] N. Gromov and P. Vieira, JHEP 01, 016 (2009),
arXiv:0807.0777 [hep-th].
[63] D. Bak and S.-J. Rey, JHEP 10, 053 (2008),
arXiv:0807.2063 [hep-th].
[64] N. Gromov, V. Kazakov, and P. Vieira, Phys. Rev. Lett.
103, 131601 (2009), arXiv:0901.3753 [hep-th].
[65] Y. Hikida, W. Li, and T. Takayanagi, JHEP 07, 065
(2009), arXiv:0903.2194 [hep-th].
[66] D. Gaiotto and D. L. Jafferis(2009), arXiv:0903.2175
[hep-th].
[67] S. Hohenegger and I. Kirsch, JHEP 04, 129 (2009),
arXiv:0903.1730 [hep-th].
[68] M. Ammon, J. Erdmenger, R. Meyer, A. O’Bannon, and
T. Wrase, JHEP 11, 125 (2009), arXiv:0909.3845 [hep-
th].
[69] A. Karch and E. Katz, JHEP 06, 043 (2002), arXiv:hep-
th/0205236.
[70] M. R. Douglas and G. W. Moore(1996), arXiv:hep-
th/9603167.
[71] N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and
S. Yankielowicz, Phys. Rev. D58, 046004 (1998),
arXiv:hep-th/9802042.
[72] N. Arkani-Hamed, A. G. Cohen, D. B. Kaplan,
A. Karch, and L. Motl, JHEP 01, 083 (2003), arXiv:hep-
th/0110146.
[73] D. Marolf and A. Virmani, JHEP 06, 042 (2007),
arXiv:hep-th/0703251.
[74] A. L. Cotrone, J. M. Pons, and P. Talavera, JHEP 11,
034 (2007), arXiv:0706.2766 [hep-th].
[75] I. Kanitscheider and K. Skenderis, JHEP 04, 062 (2009),
arXiv:0901.1487 [hep-th].
[76] P. Benincasa(2009), arXiv:0903.4356 [hep-th].
[77] J. L. F. Barbon, C. A. Fuertes, and E. Rabinovici, JHEP
09, 055 (2007), arXiv:0707.1158 [hep-th].
[78] G. Bertoldi and C. Hoyos-Badajoz, JHEP 08, 078 (2009),
arXiv:0903.3431 [hep-th].
[79] F. Canoura, A. Paredes, and A. V. Ramallo, JHEP 09,
032 (2005), arXiv:hep-th/0507155.
24
[80] S. Kobayashi, D. Mateos, S. Matsuura, R. C. Myers,
and R. M. Thomson, JHEP 02, 016 (2007), arXiv:hep-
th/0611099.
[81] E. Witten(2003), arXiv:hep-th/0307041.
[82] A. Karch, A. O’Bannon, and K. Skenderis, JHEP 04, 015
(2006), arXiv:hep-th/0512125.
[83] M. Henningson and K. Skenderis, JHEP 07, 023 (1998),
arXiv:hep-th/9806087.
[84] N. Seiberg and E. Witten, JHEP 09, 032 (1999),
arXiv:hep-th/9908142.
[85] V. Efimov, Phys. Lett. B33, 563 (1970).
[86] T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and
M. P. A. Fisher, Science 303, 1490 (2004).
